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. ' You will find below a rough guide foi^ the number o'f week^ which each 

» r 

chapter is, expected to take. for adeoi^ate coverage. H^re veeks are assumed t6 
be full five- day weeks without .interruption . ' These esximates are based on the 
.experience gained by the seventeen teachers who used the book during th§ ^rial 
year* Thjb''times showTi include those needed to coyer the corresponding material 
in the language supplements.. • ... 
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A^uming . 15 weeks of uninterrupted in^tru.ction, . it would appear that ^ 
eithei*" Chapter 7 or Chapter 8 might be covered with moderate thoroughness ' 
(but not »both) . 

The Role of \ Lab oratory Work in this Course 

5 For m^i^im benefit from this course, the student needs contact with a 
computer, primkrily for verifying and trouble-shoo^^ing the algorithms which he 
has constructed. This laboratory work need not be **hands-on" compute;- exper- 
• ienqe, but should be whatever is n^essary for adequate testing of programs on 
the computer faoilVt^ that is chosen for use. Hands-on gomputerr experience is 
no.^ofl of ihi^ coui^e. V/here possible, it should be avoided as there is more 
than enough substantial material bf a mathematical , nature in this text. 

RIG * . 



Ifeny schools already hav'e computers or have theju^on order. For schools 
^ tha-c h^ave no faciinies^of their own, (and even for schools that do) arrange- 
ments vit\neai5by colleges^ universities^ oV other 'insibitutioijs .for the ^se of 
^their facilities are urge^. Distances of uA to 200 miles from the university . 
/ or college need not lo e a prohi'biti ve factor. A numbed of universities 'wiH te* 

installing time-sh^red.'computer systems ip.fbhe cosiing yeays. Arrangements -for 
^ remote of ^such facilities (especial:!^ in ^ cLty) via rented' teletype or 
■ , other^-keytioard cbnsoles looks increasingly promis-ing. - - ' • 

Chbice of a Programming Language * ' *• , ^ \. 

. 7 ^ ^ ' \ 

^ Careful and serious stud^^^ must be-.'devoted to 'the^ choice of, a language, a 

^ 'compater, and a software system. (Software refers to the service programs " 

used xo'operate and exploit the comput^r^ for yoar .benefit . ) 'The'"6est language 
t . ' . • ' \ f i 

J IS not ^necessarily measured ty the numter'of peoples using it. 

' Learning one good programming language make's it very easy to learn another. 
^' ^' "^^^ flowchart language in this bookJL^ taught v-?ll, "^hecL-AKQIo FORTRAN, ..^ 

\yVv^.-.,,M^ languase^^^^U^^^^5^^co]i^^ ^«LS the* sec- , 

J ond langua^^.^i'^l'Ilt^^C^r^ language attempts to deal '^vi^th ^thbse concepts of 
central inf^rest in^all programming languages in a eonttext free oJP most 6t the* 
synta^ic details associated with a given language. . , * * 

^ Givpn a choice of "ohe -programming language^ such as FORTRAN^ 'one "nibt . ' 
still be aware of variations in its implementation on vairious types of com- . 
^ puters^ Sometimes, even two versions of. FORTRAN for, the same*, machine may diffef 
riljaterially . - \ ' ' • i < . i 

The. device which implen^euts a laQ^^ge on a given machine is a prpgram 
which we call a "processor. Among thfe ifactors that contribute to variation 
i, ^ f in\hese processors arQ ' - ' ^ \ ' * ^* 

(a) '.size of the 'computer (memory 'and speed); ' , * > 

* * (^) prpcessing ' ssgeds --rate- at which programs are compiled (or readied 
"by the computer for computatioa); - * ' T ' ' " 



(c) ' sp^ed in executing the computation ;^ 

(d) prjjges^'sin^ quality ->-some prcftes^ors In use still h^ve errors Ir^ 

^ tnem* Some proce^ors prpduce better intermediate documentation " 

^ - .than' others; • ' . • • 



' ■* V (e) error detection and recovery - -a critical factor is the degree to ^ 

which programming and language, errors made by the student or 
teacher are detected, elearly id$n:tified, and reported or corrected 

ERIC . ' ' ' ^ , : ^ 



^ by the computers at the time the programVs" being compiled . Fatal 

— — prograraming \rrors can also" be detected a*nd* repWted during, execu- 
. tion of the target (compiled) program. The quality of this rep^- 
ing also varies widely depending on the executive system (more 
software) which is""&eing used. ^ Detection of equipment my.function 
during input /qutput and of misuse of library ^subroutines is impor- 
*tant, and the way these errors are treated* pan be critical to the 
efficiete yrunning'of large numbers of small student problems ofi a ' 
computer in a reasonable amount of elapsed time'; ^ 

Next in importance to tHe quality of the programing language is the 
question, of access to- the computer and the nature of the fesppnse by the com- 
puter. Here one mst often choose between' hands-on experiertce and remote use. 
■*^Ea-ch technique defends for good rescrlts on the response which is obtained'f rom 

th.e computer system. Response is measured by . > . 

< 

* (a) "turn-around" time; * 
' « »» » ' < 

(b) ^d^nt and pertinence of , information received, especially during" 

error detection ^nd reporting or, recovery. ^ , • ' 

TV computer 100 mile^ away that is equipped with software ideal for school 
work may prove to "be superior to a small, inadequately supported "hands-on" 
computer in. the "next room, "'^^ki teacher who, by &oit;e or necessity uses a 
sm^ll. home -owned computer ^inust be aognizant of the tVade-off bejb^e A technical, 
training ar^d machine -oriented "jjinow-how which tends to accrue f rom /h^nds-on use' 
versus the facility that is gained in focusing gn programming language", algo- 
rj.-yj{nic construction, mathematicial theory and more ^ realistic insight, into thfe 
use of computers in science, d^i3iastry, and, business tha't can be gained from 
wbrkirfg with a better Goftvare ^stem on a remote machine. 

The Computer Language Supplement ^ - ► . 

In order to increaselfthe scope of -applicat)ili^iy of* this book, -the specific 
syntactic details of the Computer language have been spli"J off from the main 
flow chart text into a language supplement. This enables the school to choos.e 
between FORTRAN,^ ALGOL, MAD or any other as the computer language, while sMll 
preserving compatibility concerning the fundamental* concepts that are common 
to most comf'uter languages. Each supplement is then briefer and easier to 
revise" as the languages change with time. This way of organizing th^ material 
also majl^s it possible to write other language supplements for "new programming 



languages. - Only three have been prepared by SMSG ^ this time, but these may 
be used as models for otljefs. * 

A direct consequence of this separation Is the neces^sity to learn another 
language (the flow chart language) "first. This is 'considered an asSet, not a 
liability.* You must, however, be prepared/to give the student some additional 
guidance* in correlating his- study of th^wo pai*allel texts. 1 



' ^^^^ "t^^ has been studied, /you may^ need to 'examine reference mate- 
rials ^that deal Vith the specific implementations for the language and 

machine which you have chosen to u^e. Neither te^cfier nor ^udent should 

^ / ' ' ' * 

read a reference manual as a text. If at all possible, you shQuld seek the ^ 

afssistance of capable *cdm;puter/ specialists in helping you to identify and in- 
terpret the needfed informaticm in.^e reference manual. 

, o * ' 

There are a ninnber of/ commei^ially available tyrimers, guides^ and texts 

/ 

that deal '.d.th FORTRAil, XlgOL and'MD.' Those available at present are not 
generally compatible with SMSG ^mathematical concepts or not aimed at a level 
appropriate to the hi/ghj school au'dienc^. Some of these may be useful to the 
tea'cher as sources y6f problems and illustrations. • Better students, can^e 
referred ta them /ft^r acquiring a healthy grasp of the material in the flow - 
chart text and language supplement'. ^ . ~ * ' 



Qyganizatipn of the ^ language supplements 




(a) Th^e is no counterpart to Cl^pter 1 of'the main'text. 



apter 2 should be ' studied jonly after completing the counterpart (.iri its. 
entirety) in the main text. Reason — we want to introduce a (sm^ll but foi* 
some purposes complete )\riow^jjchart language. Then we introduce its pro- 
gramming language equivalent. In this, way itlRTRAN, ALGOL, MAD or what have 



••you,^ xs intrg^ced as a second langi^ge. 
(c) Lab Work ^ 



Upon completing Chap^r 2 of the suppleme^nt, ^small computer programs can 

> 

be run as laboratory exerqjiges. To* do this certain fill-in Information 
,must be conveyed by the teacher. # 

1 ."^ How to f ill-feut coding .forms'. . ' t 

2* How to key/punch cards or punch' paper tape, etc. ^ j ^ 

3. How to prepare decks of ca*cds, irjcluding I.D. cards* ^monitor specifica- 
tion cards, if any. < ' . ^ 



) 
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The .teacher is urged to get help from local practitioners on these 
* details.^ Consult reference manuals only as a la^t resort. 



(d) Subsequent- chapters add mpre language capability. Each of these can be 
read in^n junction with, i.e'., section by section witij, the -main text, 
'(e) I'/O details • , . '"^^ 



Format detaUs are necessary in some^anguagos like FORTRM. There. is a 
^ giving too much detail. To solve this problem, the FORTRAN* 
^ supplement offers format deta^ils piecemeal--as nee^ded beginning with • 
Chapter 2. Ma;^ reference manuals are dif^kult to ^oreld on' this subject . 
^Format in a language like MAD need not be taught -because a §et of ' 
' ^ ' "simplified" input-output statements 'are available which obviates the 
need to teach fomat codes and associated details, ' 

•4 

Format in^ a language like^ALGOI. is pot treated'because as yet * no standard 
W of handling r/o is part of vhat 'is called ALGOL. Computer implemen- 
tation of the input-optput procedures in ALGOL differ. We must rely on 
the teacher beidj^g^hoivTi th$ minimum neb^ssaiy information -by ihedQcal ' 
practitioner. Hopefully the AU}OL implementation, uses .a v^. 

> simply l/o scheme involving a minimum of format control or none-'.at aU,J 

' ' V . 

Helping students to debug their programs ' ^ . . % 

V / , ' ' 

^ V 
The literature ^on this subject has little formal development of ' wide 

applicability, piere are so many differentloftwa^^e systems that we can«t ' 

•give standard procedures.^ All we can do is give genaral^principles , 

(a) Debugging i^ an itesati-li^ 'process . The loop inclyides the. flow chart/ 

the* program, sometimes the^data format and the output format and sometimes 

' ^ even, the problem statement. Itei:ation is a process of rWinement, of ^ill 
st^S in the loop. ^ ' ^ 

<b) *To minimize error ce^rtain good work habits are essential. 

1.- Be me-^hodical, neat--keep. clear notes on the statement of the pr5b- 
• lem, assumptions used, and the ^symbols used and their significance. 

_ ^2. Draw a flpw chart Jhat eonveys an up to /iate version of the alg.orithm 
"being tested. • , » * ' ' 

3. Keep a check-ligt of simple things to remember -and lue it eajih time 
before submit ting^^the program to the computer. 'The* check-list '|on- 
sists, of a set of siirl^e clerical details and ti^^ the violation 
of any one of which, however trivial^, can fault. a computer run*! 



tir 



Develop the habit of getting the most useful information from the , 
computer -at each run but not too much detail , ^Think of each run as 
B debugging run and insert extra output statements vhich can later 
■^^ be removed vath ease These output. statements are to print selected 
valued developed at intermediate points in the computation. Suppose 
we find^hat a printed -intermediate result is demonstrably incorrect. 
Then we can confine our search for the trouble to that small, section 
of l/he program vhi'ch develops this result incorrectly. It may ^ be that 
after soijie, study of 'this section, we ^till cannot deduce the reason 
for the'eri^CTjeous result. V/e may then insert additional output state- 
^ ■ . ments ^ key/^birits within the su Sheeted section of the program and 
♦ . rerun, hoping finally tfo pinpoint the incorrect pn-ogram step. 

Pre - Laboratory Planning and Preparation ^^n, 

■> The teacher has quite, a ''few problei?is to solve before the class begins' its 
laboratory work. v^Vou must decide: ' ' , ^ *^ 

1. How many pFograms \will each studeat submit per ^.-eek, month, semester? 
Make -a schedule fo^: students to follow based pn turn ^ around time . 

2. Will eac^h -^tudent ^run all progi^iS or will he i-un selected. programs? 

^ 3. What arrangenlente will you ma^e for card er tape jfrepar^tion time?. 

Obviously, you should ^eek cbnsul\.ation (formal or informal) v^ith univer- 
sity Qr high school teachers w£o already have the experience y9u still need. 

Worlclbad for the Teacher ... « ' 

— —■ill '■ — ■ ■■■ * * i 

It should now be fairly apparent that teaching ACM (Algorithms, Computa- 
tion and' Mathematics) as a "regulaj* iiigh school course involves considerably " ^ 
more work and time^than does the teaching of dn ordinary course in high sch6ol 

-mathematics. Until it becomes com^ionplace for the high school to have its own 
staffed computer labdratgry,^ the ACM teacHer must take on many of the .duties 
of sucli a laboratoty staff.. Many, of-^ese activities and responsibilities can 

*be 'delegated to K)thers, h6wever. Teac5h^rs .ha^e -experimented by having ^he 
better ^^^^ dents assist with a n^^er of the laboratory .(ihores, and errands. 
Where especially bright students are available, or ^here eleventh graders are 
allowed to enrpll, certain twelfth graders can bpcome computer operators,. 



graders or assistants' for hewing others in progr^ debugging. After teaching 
ACM several times, a^||^"organizing",*^, it looks. like it would be possible to 
duce the overload to* n&mgeable proportions , 
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ALGORITHMS, LANGUAGE, AND MACHINES 



^ Summaiy of . Chapter. I ' , • - 

, -^.^ Section 1-1, Introduction sketc?ies briefly a few reasons for studying 
about computers and tke areas where they are being employed to solve problems 
Som^ students may want to ga^n a more t:omplete picturd of computers and, their 
impabt on society/ We suggest^ a&- d|ut side reading the Section 11, New York ' 
Times,^ Sunday,^ April 2h, I966, entitled "The ComputeV and Society, Six View- 
pointsV..^t. 



Section ^-2^ Hfsj:ory gives a very belief account of some of the develop- 
V-. raents leadinjg to^ffie stored program digital elejiti3d«^<; computer. 

^ ^ ^ . .In Section 1-3, Sor^ Technical ^ Aspects of qtynafet?sV somg of the mor^ 
*fundflm§ntal-idea^ connected with th^ organization of computers and: the , method 
or their operatipn. are ^Illustrated wi^ the aid'of a hypothetical compter > 
S^AMOS. The details of the' S'AMOS compi^r are 1^ in themsely^ sufficiently 
;^portag to^ varrant learning, for retention but are offered only &e a means of 
^ illustr'a^ing the more basic' ideas that .the hyMhetical"maChJne«''embodies.' On 

^ "^""the occasions when specific details about SAMOS are needed, the student can"-* 
refer to Appendix A. v ' v 

^ Tin 'SecMon 1-4, Iftmibers and Other Characters, we "see how numerical data(i. 
^ the integers and the reals) and alphanumerical data (strings of characters) 

might be- represented or "cocLed" internally, i.e., in^mory. The "floatipg- 
, point" coding scheme f or. t^je reals is introduced. M.so, sets of binary codes 
^are suggested for^alphabets consigjbing^pf l^oth digits and letters. Finally^, 
the niemoiy i's viewed as acapa]^le of storing arbitrary strin^^f characters 
grouped one or more 'pet memory word, depending upon the size or length of the 
word. " ' ■ c ( * * * ^ 

In Section I-5, Algorithms , we eoi&e to the central topic of this text* 
/ For this course we are interested in. details of actual computers only to %he 
extent that they are necessaiy to motivate or explain asp§ct$ of ^the study of 
algorithm., pqnst-ruct ion. Because it is more important, one might hold that" 
this' section ^ should precede Section I-3. * Howev^er, ^"Section 1-3 provides' a con- 
crete basis for beginning the study of algori-«iuns, ind, jifter some soul search 
4.ng^ the present order ;was selected. ^ ^ ^ ^ ^ . ^ 



} Finally, Section 1-6, ComiiUnts on Language , points out the need for an 
adequate language in which to express algorithms, laying the groundwork for 
the study of the flow chart language in Chapters <2 thifeugh 5, 

t 

Chapter,! is intended primarily; as a reading assignment at the beginning 
of the course to gafn some general 'background knowledge of computers 'end the 
concept , of algorithms. It is hot necessary that the study of this material 
build motivation foi: ^hat fallows., ^xperiencje shows that student interest 
automatically heightens uuon launching into Chapter 2. " 

You will undoubtedly wan^ to ^discuss some of ."^the material from Sections . 
1-3; 1-^; 1-5 in class. But cert'ainly ' no more than one week should be | 
sx^ent on the entire chapter. We mention this .important point for the obvious 
reason that this chapter will seem to raise more questions'"that it anstfers 
and lengthy digressiorfs^^n easily result.*. This is not a "teaching" chapter 
as .are th^ chapt^ers which follow. Some students 'will want to know much more 
about how computers are^ built or how they wotk. You might Encourage your ^ 
better students to read Appendi^A on tlieir own. Many questions on how com- 
Luters function .vill be answered here. Questions on the construction and"" 
organization of ccxnputer hardware are considered to be outside the scope of 
tiiis course .'' HtJ^ver^ .a 'prime reference o^i this topic for high school student 
is^: ^" The *Man Made World" published I965 by the jOofmnission 'on Engineering 
'^^^ation,. / ' ^ 



. Problems . \ ^ ' ' . 

Only one set of prol^lems^JLs given but this set should' not.be overlooked. 

These are' .the r four, ball weighing problems at the end of Example 2 in Section 

I'k. ^Solutions to these are given i^h following paragraphs. It would.be worth 

while to 'assign 1 and 2 or 3 and ^4- as homework. We "would not recommend more * 
/. * # "v., I 

T?roblems at this tii^e. ^ . " ^ ' 

Tests - . •'■ - - HBb- 



V/e 'suggest that 'no tes.ts, are needed the. material in this chapter. Ifj 
tests are giveri^-^.the questi6ns sliould b^ con|'4rt^d to matei»ial on Sections 
1-i?, and 1*5. ^ ' ^ . . 



Solutiong to the Weighing Pro'blems 

Problem J. A Weighing 8 "balls. ' , , ^ x " 

Tvp solutions Are given: 

* A I'low chart app^)ach. Conclusions are subscripted H for 

heavy and L for light . ' , . * • 

\ # 

• * f • • • 



> 

- ^ means 

"""a+b+c > e+f +g^ 



a'+b + c ; e + f + 



means 
a > f 



a + e : f -f 



means 
c > K 



< 

means 
b > e 



means d ^ h 



d : h -I 



= > 



> 

m^ans 
'*.e > b 



means 

e+f+g > a^b+c 



e + a : b + f 



= > 



means 
g > c 



mearjs 
f > a 



a : b' 


c a 




d : a 


h : a 


e ; a 


g : a 





= > 



.^h)(^'l)K 



Ph)(^l)(V 



strategy 



1. " Select and a subset of the balls and consider the significance 

of the three possible outcomes. If the subset balances, we know^that 
the remaining balls contain the one we are interested in . 

2. Once we have isolated a' pair containing the "odd" ball and we want* to 
know if one of them is heavy or light^ we weigh one of the -two can- 
didates against any other wMch^is knovm'to.be "standard". 



ERLC 



1 



r 



Solution No* 2 



Let the balls be 'A, B, C, py F, G, H. Weigh the balls 
follows and note results each time: 



1st time 

r I, 

2nd time 



3rd ti-mev 



A, 








E, F, 




H 


A; 




G 


A 






E 








A 








A; 


q, 


h" 




■ 'B, 


D; 


F 



f 

If the left side of a weighing was down, we write L. 
If the right side of a weighing was S.own, we write R. 
If the sides balanced, we write " = " . 



I 



The results of every set of three observations (weighings) can' be coded 
as a "triple" or string, of three characters'^ involving "L", "R", or = ' . 
For each of .the listed l6 triples which can result from the above weighing 
sequence, we give the associated (unique) contusion. (Other ^weighing seq- 
uences might have been chosen.) 



Triple 



Conclusion 



L L 


L ' 


A 


is 


h^avy 


R/R 


R 


. A 


is 


light 


L L 


R // 


B 


is 


heavy 


R R 


L 


B 


is 


light • 


L R 




C 


is 


heavy 


R L 


R' 


C 


is 


light 


L R 


R 


D 


is 


heavy 


R I* 




P 


is 


light ^ 


L L 




E 


is 


light 


R R 




E 


is 


heavy 


L = 


L 


F 


is 


light ^ 


R = 


R 


F 


IS 


heavy V 


L R 




G 


is 


light 


R L 




A G 


IS 


heavy 


L = 


R» 


H 


is 


light 


R 


L ' 


H 


is 


heavy 
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Problem 2. Weighing 12 balls with one kn&wn to be heavier. 
Plow Chart Solution ' . 



a+b + c : g + h4>i 



a : b 



r 



d^+f ^ j+k+1 



< 



d e : j + 



'd : e 



means "f / JL 



f : 1 



> 



j : k 
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ProVlem No - V. .Weighing 12' balls with one known to be either lighter or 
heavier. * ' 



Tabular Solution . - - ^ 

Soiuti&: Let the'bal]^ be A} B> F,.G, I, J, K*, L. 

• Weigh the balls as follows and note the results* 



4 y 



e'a.ch 'time . 





Z Z J -I 


— 7 "J ^7 — 

A. . 


2nd* weighing 


. ' A, J, G, I 


C, D, E, L 






A 


3-rd weighing 


A, C, H, I 


P, F, J, K 



, If the left . side of a weighing was* down, we write L.' 
If the right side of a weighing was down, we write • R. ' 
y If there was a balance/ we write " = "\ • 

If the results. were: , ^ ^ ' ^ , ; 



L L.I/ 
' R R' R - 

-L = 

R = 

L H L 
R L R 

L R R 

'•'H R = 
L L = 

R.= R 

L = L 



A is heavy 
A i-s light 



i^ 
B is ll^ht- 

C i s ^heav^ 
,C is* light 



D i 
D^if 



eavy 

ight 

1 

E is he^vy 
E is light 

,F is hjeavy 
F is light 



"R L = 
, ^ R ^ 



<^ L L 

R, R 

' = L>B 
= R L 

= = R 
= = L 

' = R = 

= L - 



is heavy 

;'G is li-ghf 

; H is heavy 

/ H is light 

, l^,is hjeavy. 

I is light 

'J is heavy 

J is light 

K is heavy 

K'is n^i>-'^^^ 

L is heavy 

L is lights.,; 



Comment: It can* be shown that no more than 12. balls can 'be search^^ 
i • > ^, . ""^^ 

for an "odd ball" i.^ three weighi^ngs "even thqugh three othei* t-riples ^xist pu 

of a poss'i'ble 2T X= 3 )• The ^unused' triples are - = L,L fi, and R'R L.^ , 

' ^ " ^ ' (, 

The = = = would mean that the odd ball is never on the scale .dndjthis contra- 
dicts the assumption that one of the bails is, different . The t'riples L L R 
or R R L also lead to contradictionS|^or the sequence of three weighings we 
have used* ' ' *^ ' . \ , 



^ 1.3 i9 



^ SolutioQ tp the Concentration - Camp Problem * ' 

Suppose that you are one of the' three prisoners. > You will have no oV- 
jection to a ce^^ate reciiving^a^piece^ vhic^ is, no larger (in your 'considera- 
tion) than* his share of th^ loaf. ^ ' . . ^ ' 

If a piece of the'loaf is (in your estimationp an exa<^1; -share^ yqu should 
^be indifferent as to who get^' it. ' \ . , ' . • ' 

Our solution yill guarantee that bfe'fore you are serv^d^no one else will " ' 
get a piec^e^^which is (in your estimat:^bn) greater than hi& share and .that you ^ 
w^ll never be stucJC with- a^piece which (in your estimation) is less than your 
share . , ^ , . - ,\ ^ ' 

First the prisoners are numbered in order, 1, 2, W 3. Prisoner No' 1 
cuts off a slice v^ich he claims is i of the^loaf . He is ^thgn -indifferent as 
to who gets it^. This slice is now of f^red* to the second prisoner. If 

• (a) ^e feels that this slice is no larger thari ^a fair share/ 'he ^ 
* . . rejects it; 

^ ' (b) he feels,' that the slice* is lai^ger than a: fair share, he trims it to 
the "size' of a fail* share. 5 ' - 

• fn eithej case (a) <or (b) the sli^ is now offered to pris-oner 3 who • 
e^ither accepts ;^it rejects. it.. If he reacts it, theti it reverts "to the 

^ last person who has cut or triimried it. . ' ' \ 



Ik 



Chapter . 
INPUT, OUTHJT AND ASSIGNMENT 



In many respects this is the most important chapter -in the book. Along 
with compani6n chapter ih the language^sujiplement; as much as thre^ weeks 
of classroom and quiz meetings may be required. The ptirpose of grouping the 
three concepts of iURUt, output and assignment in a single chapter (which at 
first may seem somewhat ambitious) is two-fold. 

. ^First/ input and assignment steps ^re closely related, ii! that both 

result in the" assigning of values to variabiles. Moreover, input 
. is closely related to output in that one process cs^n be thought 
of as the^TeVerse of the otfer. Hence, all three concepts, ^input, 
output, a'nd assigement, seem --to be directly or infilrectly linked. 

Second, when the student completes this chapter he can draw-flo^ charts ' 
for many simple but complete algorithms.. Exercises inW*i!SA.Qg' ^he 
construction of sonie surprisingly interesting algorithmsXare' 
g;ivfen at t^e end of Sections 2-3 and 2-^. Moreover, when' the 
student has completed the study of the companion chapter in th^' 
^nguage jnanual, he can write complete programs for the algorithms ♦ 
/These can then be "run" and, tested on the computer. It isitthe 
quickest route to "J-aboratory practice. Here, we assume that ;fi&st. 
schools will have access to a computer for running stiXdent 
problems • • 

The chapter outline *is as follows: ' 

-2-1 ' The Flow Chart/ Concept ^ 

2-2 ^Repetition * ^ 

2-3 'Assignment and Variables » - . . \ ^ *~ ^ • 

2-4 Arithmetic Expressions ' . # , 

2-5 Rounding Functions ^ , • . ' 

2-6 Alphanumeric Data . . ' ■ ■ 

The ^scussions of thesQ topics will be eontained in the appropriate sectioi^s 
the chapter. , ,^ 
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^2-1 The* Flow Chart' Conc^t , • - " ' ^5 

We illustrate ^the first flpw chart in the so- (failed flow chart laVguage 
- which^ls described in this text (Figure 2-2). A sj^mple problem is used yhicll 
/ embra-ces all tiiree basic actions; input, assignment and output. *The transition 
from a \iox:d problem to an algorithm in flQw chart form is illustrated. . 

^ A preliminary or initial explanation is given for the three basic actions. 
The id^s "of 'input and putput are then repeated and elaborated. 'Flow chart 
silhouettes for each of the^e actions or even-^s, i.e., • 



for input, 



for output. 



are also difecus^d in some detail.. The start ^nd atop circles 





are <q1so 'introdu.'ed. ^ 

^Exercises are presented in wh:fch Ithe student converts some simple word 
problBios into a iS.ow chart whose s'trucjture, he is told, is similar to the 
^pr()blem first illuatrated in Figure 2-2. This figure, incidentally, appears , 
severa^ times in this chapter and^again in (^hapter 3.« A number* of ideas stem . 
'froia-i-tii^^tudy. 



« 



2-2 Repetition . • ' . , . _ . / 

The first illustrative''* problem (Figure 2-2)* is ncrv ex^janddd to co;4ider 
reprtltion of the simple process; A loop is formed (Figure 2-^) ^^t^a^xplained. 
The student is trained to follow the loop by. working his v^iy through it several 
times, each time with another set of data,^ Opportunitires are thereby affjorded 
, to cement concepts of destructive read-in and ^n-destructive read-out 

The distinction between an endless 'and a terminating loop is made.' At 
. this point' we begin to repeat and expand iVi detail tlie initial idea of an 
assignment step. The^silhouette. representing assigjiment, 



and its contents are brought into focus. 

The -kind of ^computer process it suggests is outlined in a three-step 
process. The section closes with a few very simple exercises tD make certain, 
the s?tudent*has understood the loop just shown in Figure 2-6, 



Answers to ^ercises 2-2 



(a) 


A = 


5.0 


B = 


10.0 




3.iO 


D = 


unknown 


' (to) 


A = 


8.5 


B = 


5-7 




-3.2 


,D = 


10.7 


Cc) 


A = 


5.0 


B = 


10.0 




3.0 


D = 


11.6 


(d) 


A = 


i^.s ■ 




2.5 




6.L 


D = 


.11. 6. _ . 




















r \ ^ . . T2 , 

^2-3 As^gnment apd Variables . ' 

It may weUL be that this is the most important section in the. entire text. 
J A nuich^more careful scrutiny is given to the assignment step. Since assignment 
- involves the^ assigning of a value' to ^ variable^ the first Job is to def iQe ' 
what we mean by a^ ^ariable . In many t^xts oivxomputing there is oniy the fU2- " 
ziest relationship established between variables of the^omputey langtfa'ge. * 
described and variables as they are ordinarily defined in mathematics^ In 
this text great pains are talcen to make^ the two concepts essential identical 
or at lea-st compatible. An analogy (Figure 2-^ is drawn between a mathematical 
variable and its value and a flow, chart variable and it>^val#ue. The latter can 
be thought of as a^oden boic. The (mathematical) variable is' engraved on its 
cover and its (current) value is ^stored inside the pox. We make numerous ref-^^ 
frences tc^^this analogy in Explaining other concepts at later points in the 
text. . ' - • *v , 

/ ' ; ^ if ' 

With thQ aid of the wopden box we, define assignment in detail.' Later the 

bo^^^s visual! zed'*as hiaving a vrindow. To explain a read-out from memory "^(non- 
-destructive; we simply send a messenger, i5d look throu^ the window^ To read-in, 
or store in memory (i.e., assign a value v^a. vari'als^le), we s^nd another mes- 
senger who opens the box, dumps out its consents, puts' a new value inside and 
closes the^box. This jsimple-mipded analogy becomes the basis for good humor 
and, we hope, vill prove to be* powerful pedagogically, ' < 

Another point carefully made in this section is the distinction between 
^he equality symbol qf algebra, e.g*, x = 2,"*" and the assigni^nt symbol of' . 
th^^^Ilow chart language, e.g., x ^2. . ^' 



The section closes with. a set of exercises for constructing simple algo- 
rithms, the first ojies of some real interest. This teachers • commenta^ on the 
set_ iS' q,ulte complete; several extensions of the exerci-ees are discussed. 

A ratHe^ simple but qulte^^eff ective way to make the ideas of assigning ^ 
and reading values of variables clear to all students is to construct a^ctual 
working models of "window boxes" and organizing the class to carry out^^ son 
algorithiTik using the boxes for i^toring values of varigbJ^es..*----%e"Bo^ be 
constructed from a shoe box, for example, wlth^hole cy[t in the side. , ^e 
number in the box may'be represerrt^drby'^^ a name of the number on a ^$lip 
of /paper and placing itj^ -tfie box so that the name can be read through the' 
window. When, in Section^2-6, you want to represent alphanumeric, data stored 
in the box, you can do itVby placing quotation marks around, the >alphanumeric 
data. T3ien it will be im^sible to confuse your representation for a number 
with your reptresentation for a numeral naming that number. 



Answers to Exercises 2-3 • * # 

T — • - ' . ■ i. 

Note: Problems 1^ 3, k and. 6 of- this set requtre flow charts Problems 2"and 
• ' 5 require- the student to. explain something.* The probl^ffl/^et clevelops 
; ^ sequentially.. If pressed for tinle/ a class could do. only Problems 1, / 
2 and 3. 




START} 











« 














2 




{ n, OLDAVG, GRADE 




NEWVVG <- 


OLDATG* X 


n + GRADE 








n 


+ -1 










3 










^NEWAVG 















In the first form of the problem we used single letters for .the variables. 

It was ^difficult to choose a single letter which conveyed any meaning^ to 

quantities like Old average, new average /^or grade. The use "^f character 

strings /e.ven if limited tp a fixed length, like a maximum of six chara'c- 
, -ters, is preferable. * * ^ 

Without question the f^jDw chart x"or the secopd' solution would mean 

more tiian the first flow chart even if the elapsed time were 'only a week. 

After one year the^ first solution is likel^ to have little or no residual 
.^meaning while ^ the second solution with sySibols like ^OLDAVG, NEWAVG and 

GRADE is iikely to retain all of its -original meaning to the person who 



drew the, flow chart (or even to someone el$e). 





START 



n, OLDAVG, GRA^ 



OLDAVG 



OLDAVG X n-^ GRADE 



h + 1- 



OLDAVG 



In box 2 we are "updating' the OLDAVC. Before execution. OLttAVG'is the 
grade average based on n scores. After execution of. box 2, OLDkVG is 
the average of n + 1 scores. The old value is not needed and can be 
, destroyed. Storage is conserved by not using NEWAVG as *a variable,.. 



^ For Abelr 
For ^hary*. 



. - Williams: 



n = 


& 

7 


OLDAVr, - 


• 

77 1 


4 • 

\Jl\t\iJJll — 


Ql 


n = 


7, 


oldavg" = 


71.2, 


GrAde = 


■82. 


n = 


7, 


OLDAVG = 









0 



5. 



Yes, because any and all\ir}^vidual grades can be recomputed from^a 
knowledge of the series of cumulatiye averages. (A grade which is 



^ecompu-^d from two successive cumulative averages may be subject to 
some unflrtainty by virtu5^ the roundoff errors in the' average values.) 



/ 



6. 



For «a^y giVen student we can ^bmpute each recessive grade as foll^ows: 

,1st grade is simply, the entry in column'l, denoted by CUM Ij 
2nd grade is .computed by noting that ' ^ 

2nd grade + -1 X entry in col. 1 = 2 X entry in col. 2' 
• or 2nd §rade + *1 X CUM 2 = 2-X CUM 2 
^ or 2nd grade *-.2 X CUM 2 - 1 X CUM V 

\ 



jiyi grade + 2 X, entry in col. 2 = 3 X entry in col. 3 
^or 3rd grade 3 X CUM 3 - 2 X CUM 2 



and in general • • . 

n + 1st grade <- (n +. l) X CUMNPLUSl - n X CUMN 



If we let NEWGR be the xi + 1st grade 

NEWAVG the average of n + 1 .grades and 
OLDAVG the average of n^ grades 



/ 



then we get a flow chart like: 
(a) , . 

c . • 

V N 




n, OLDAVG> NEWAVG 



NEWGR <~ (n-Klv) x NEWAVG - n X OLDAV;} 



OLDAVG, NEWAVG, 
NEWGR 
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Comment 



Another way to view this process is to draw a parallel with the flow chart 
in Figure 2-11 to obtain: ' " ' ' , ^ 




START 



n «-l 



^ 



OLDAVa ' 
KEWAVG 



13EWGR (n+1) X NEWAVGt 
. - n X jDLDAVa 




1 



n,,OLDAVG, NEWAVp, NEWGR 



n n + 1 



The loop in (b) more cleaVly suggests the computation of the series of 
grades beginni;i| with the second grade. 

^ use, flow chart (b) feach data card must contain two values, the nth \ 
and the n'+ 1st cumulative ave;fage. Thus, for Smiley Chary, successive data 
c^rds will contain 'the* pairs 5^.0, 64,0 to compute the 2nd grade, 64.0, 67.0 
to compute the 'third grade, etc. .There is one important difference between the 
i>asic idea in Figure 2-13 and its application here in flow chart (b) . Here the 
tally n is a"ctually used in box 2. This was not the case in Figure 2-13. 

A weakness of the approach used in- (b)' is thfe duplication of data on sue- 
cessive cards. Thus, the second value on one card is a dupli.cate of the first 
value oii the following card. This overlap can be eliminated with the scheme 
shown^in flow chart (c).* Here only the nth cumulative average must be input 
to compute the nth grade 




NEWGR ^ (n+1) X NEWAVG 
OLDAVG ^ ^ 




' . . 3 


n, OLDAVG, H 


OEWAVG, 
NEWGR 


n n ^ 1 
OLDAVG NEWAVG 



f8 ■ 



T2 



Flow chart (c) can be explained^ by imagining we want to recover .all ^ 
grades for Smiley Chaiy beginning with the second grade. We punch a series 
of data ?ards containing the successive gi*a.de averages for Chaiy, one value 
per card. The first card will contain '5^.oI in this case. The flow chart ' 

- tells us that box 5 will be executed only once. The value from t'he first card 
is assigned to OLDAVG, but the value' from tlie next (and all succeedtng card^)' 
will b| assigned to TJ^WAVG. Thus, after the 2nd grade is computed (box 2/ and 

^printed (box 3)/bo:^ provides the preparation to compute the next grade. 
Fir$t n' .is incremented. Then OLDAVO is reassigned a value equal to the 
current vfelue of KEWAVG. Tjhis is really another form 4f "updating." 

Notice that the effect of box i is to print a line, on which| the second" 
item, OLDAVG, .is a repeat of the. third item, NEWAVG, on the preceding line. 

ve want this duplication? Why have we ^aken the trouble to remove this 
kind of >:edundanjy on input and not! on (mput?. We can easily delete the second 
item from the output list in box 3, so (hy donH we? One answer is. that ^he 
incremental coftt of printing the extra numeral is nil, while readability is^ 
somewhat enhanced because each line tells the whole story. There. is one more 
soinewhat subtle .poirTt . If we drop OLDAVG from 'the output list, we Will have 
no^ printed record o^vthe^ value on 'the vmy first^data card which was read .by 
executing box 5.* This can be remedied, in a number of ways--but any remedy 
will add one or more boxes to the- flow chart--as for example, flow chart (d). 
(d) * ' ' . ^ ^ 



1?^ 



n ^1 



OLDAVG 



OLDAVG 



6 1 

/ 

NEVAVG 



IIEWGR (n+l) X NEWAVG 
- n X. OLDAVG* 



TX^fJ^WAYO, KEWGR 




■ k 



n n + 1 
OLDAVQ NEWAVG 



23 



29 



T2 



It would seem that the slower students could be c!lallenged to deve],op a, 
pipce$s like this oVie and even help you keep your school ^records this way — 
by computer. At a later point* in the course you might discuss this data 
recovery or "retrieval" process from the standpoint of round-off error* It is 
reaij-ly not possible to recoVer all the information originally input to the 
system* Grades cannot always be recomputed exactly flue to ' round^tif f .erroi^ in 
the recorded averages j(the cumulative averages are only record^-ft to one decimal, 
'place). Nevertheless, f or |^'e instructor's puspose, this method pf grade re- 
generation (information retrieval) is 'satisfactory. 



\1 



r 




I 
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2-^ Arithmetic Expressions 

Arithmetic eoqpresslons which appear on the right-hand side' of the assign- 
ment arrow come in for close Inspection In this se\:tion.. We are especially ' 
Interested in pointing out the peaces Xj^ "every day" mathematical notation 
which cause problems in interpretation due' efther to reading difficulty er 
ambiguity or both, A group of practlQ^l lntorovements in conventions for mathe- 
matlcal nota^tion are ll&ted as suggestions.. If followe'd, the resulting expres- 
sions would not on5^ be easier to read, type or print, and itnamblguous mathe- 
matically, but also easy for computers to read. ' ' . - , 
< , J. 

Two of the suggestions are adopted for our flow chart language. These 
are (a) abandon the practice of using juxtaposition to denote multiplication, 
and (b) embrace^ f dhction arguments in parentheses, like cos(x) Instead of 
cos X. 

' ' ^< • ' ^ 

^ /Aft^fitlbn is^dravn to the three kinds of minu^s; bln^iry, ,unary, and 
number- naming, which may appear in a single arithitietic expre&idn.. • 

Rules are .given for forming arithmetic expressions starting from certain 
Ipasic fonns (Table 2-3). . • ' 

The Important question of order of computation is Introduced. The r6le 
of parentheses and the concept *of a subexpression ar^ introduced. The concept 
of precedence levels tor arithmetic operations is presented (Tabl^2-4). Next 
is the idea of scanning an expression from left to right in search of the next 
task to be„ accomplished in th? evaluation of a^ expre.sslon. Finally j, we arrive 
at a simple set of rules (Tabl^ 2-6) ,for explaining ^the step-by-step procedu're^ 
to be followed in evaluating an expression (however complex). 

• 

One exception' is noted, and explained; the case of A . or Af Bf C. ^^^e 
se-ctipn include^ several exer.clses for :gractlce in establishing the sequence^ 
of steps in evaluating •expressions, following the procedure that has been . * 
developed. 
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^ in case your students have difficulty applying Table\2-^6 to Exercises^-4 
Set A^^here is one furtlier example, • ^ 

Example' : The expression is: ' ^' • I 

A X/(B t SIN(A'X,(B - C) + A X C - 3)) - ; ^ ? 

^Tabulated' values for the variables « ' , 



A 


B 

1 1 


C 


. 3 


2 


5 



5 




i Display of. Step Step Evaluation » 



Example 2 



Step 
No. 


Action 


) 5 » I 

Appearance of the Expression 
After each Step ^- ' " 

• . •* 




Initial appearance 


A X/(H + SIN(A-X-^B - C) +'a X.C - 3-)) 


1 


• Compute B'- C 


A X^(B + SIN(A X (-3) + A X C - 3)) 


2 


Compute A X (-3) 


A X (B +• SlN(--9 + A ^ C - 3) )^ • / * 


3 


Compute k,^ C 


A X (B +^ SIN(-9 +'15 - 31) 

A 


k' 


.Compute" -9 + ^5 

i 


A X (B + SIN(6^;3^)) 


5 


Compute 6-3 


A X (B + SIN(3)) 


6 


Compute. SIN 3 


'a X (B 

A 




Conrpwte B + .ll^l 


A X 2.1kl 


; 8 


c 

Compute A x 2.1^1 





We want to be sure the student is acquainted with 'the ^'facts of life" 
about the restrictions imposed by the way'machin^s read expressions • Tbey 
read expressions a*s a stream or string of characters which means that expres? " 
sions- Blast be written oh a si^le li^e* We also want the student to understand 

jrather vividly that characters as well as numbers can be stored imnemory. 

' ; . . , • j . \ 

Regarding Figure 2-l8 ; 1 ' ^ " ' V 

. ^ , The parentheses used"in Case b are l^necessary, but in Case c they are 

necessary. , • ' * 

V — ^ ' ' \ ^ - 

* " F6r^Case b, both B/c/D and (B/C)/D would mean /^following the- 

precedence and left-to-rfght rules we have developed for these expressions. 

• t ^ ' 

That is, the. parentheses neitlier change the mathematical intent nor change the 

. computational order*. Note, however, that B/(C x D), who se> mathematical 

intent appears the same as (b/C)/D, is computationally different. Because < 

of round-off considerations, such an aj.t^rnative could yield difJ^erent results. 

For Case c^ B/(tf/D) is 'mathematically equivalent to ^ B/c/D, but- is 
computationally different/ The rOund-off error for real, numbers B, C and 
jy^ maybe small, but if B, C and D represent "^integers, the difference in 
« computational order becomes significant., 



For example, let 



B = h 
^0 = 6 
D = 3 



all integers 



Now (c/d) is - or 2, i.e.,* 3 goes into '6 two times. So^ ^B/(c/D) 
correspdnds to h/2 or 2. On the other hand, B/C {?r hj^ is zero , i.ey, 
"'6 goes into 4 zero timef . So,-' B/C/D corresponds to 0/3 ols^erbt ~ 
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Answers- to Exercises ^-h Set * A 

Displays of step-by-step evaluations 



Exercise 



1 . 



Ste^) No. 



1 

2 

3 

k' 

5 
6 



Action 



This column mot required in student solution 



Appearance of the expression 
after each step 



Initially — ^ 
Compute a X X 
'Compute i| + b- 
Compute* 3 X X 
Compute 6 + c 
Compute 8 X X 
Compute l6 + d 



X X + b) x.X + c) X X + d 
{{ k + h ) X X, V c) X X + d 



xX+c)xX+d 



6 + c) X X + d 

3 'A.. 8 ^■xx\y'd 



16 ' V d. ■ 

13' 



•'2 
3 

5 
6 




Initially^ — ^ 
Compute a , - b 
Compute^ c - d 
Compute f + g 
Compute e-X 
Compute .(-^)k(-l) 
Compute 1 / b 



(a - b) X (c -'d)/(e x (f + g)) 

(-1) X (c - d)/(e X ff > g)) 
(-1) ^1)^ /(e x^f \g)) 

'r-1) x'Vl) /(e X ' 3\) 



(-1) X (-1) y^, ? 

. 1 ' 7 9 
0.11111. . . 



3 • 



2 

3. 
h 

5 



7 



Initially — 

2 

Compute r 

2 

Compute s 
Compute 3^0 81 
Compute 



Compute r^ 



Compute s X 4.36 
Compute 100 X PHI 
Compute 39.2 + 112 



3.1^ J 2 



(s X /r^ - s^ + r^.-pEE) 



2^ 

^-^x r^ - (s X AoO \ + X EHI') 

X - (s X 7100 - 81 + x PHI) 

Mii X r-2 - (s X '719 X' I'M) 



X r - <s X It. 36 + r X PHI)' 



X - (s X It. 36 + 100 X PHI) 



3.ii| 2 
^-g— X r 



- (39.2 



3.1k 



X r - (39-2 



l^xr^ 



+ 100 x^PWl). 
+ 112 ') • 

151.2 



o ■ 

ERIC 



7 



28 
34 



9 
10 

il 



J> 12 



Compute r' 



2 



C(5fnpute 1.57 X 100 
Compute 157^151.2 I 



X 100 - 



1.57^ X 100 

• 157 




. Comment ; Resui^fe^clr. Exercise 3 were obtained using a slide rule.- The, answer 
"using an 8^<fecimal- digit computer with jt = 3.1^^-159 and PHl(arcsin ^= 1.11977, 
is 5 ♦ ^26 : -Notiper t^at st^ 12 is a prime-^our^c^ of numerical error. Here 
the ^fferencb ignakenfbetween two terms of like sign and comparable magnitude. 



s^ 



Exercis^ Step No* 



Action 



Appearance of the expression 

* after effch step^ 

( This column not required in 
student solution. ) 



ERIC 







Initially — 


/| X (1 + q//p2 + q?) . ^ 




1 ' 


2 

Compute p 


/i X (1^+ q/y9 + q2) 




i • 


'2 

Compute q 


./| X (i + q//9 + 16) 




3 


Compute'^ + 16 


/| X (1 + q/,/25 ) • • 






Compute 1/25 r 
• 


>/|o< (l ; . ^ 





5 


Compute q/5 


/| X (1 + .8) 




■ 6 


Compute 1 + .8 


/|xl.8 . . 




7 
8 


Compute ^ 
Compute .5 X 1.8 


7.5x1.8 * 

/T9 " -t ■ 




9- ■ 


Compute /79 

f 


j.9^9 ; . ■ ' . 




4r 







5. Not counting the prior step involved in computing rsq, there aye three 
• multiplication st5ps saved each time this expression is evaluated. 

^.^ Cotnmetit : ' When common subexpressions applfer in a given express'ion, like 
*^ in Exercis^ 3, it is frequently more 'efficient to compute 



the value of this subexpression and assign this valu^^-to a ne^r 



variable, like rsq, which can- then appear in the larger 
expression in placp of the original subexpressipn. 

^Thus, if the original, problem was to carry out the 
assignment, 

1 



'(s X Jr^ 



s^ + X PHI) 



and, moreover, if box 1 is to be*%re?j^eated many times for the 
same value of r, a moi*e efficient approach would be to - 
first 'carry out the assignn^nts in box 0"and then' execute 'a 
revised box 1 that is inside a loop. 















* 0 






P0VER2 


, 3.liil59 

2 






r^q 


r X r 





4 



V 



AREA ^ P0VER2 X rsq - (s X /rsq - s^ + rsq X PHO;) 



box 1 (revised) 

Students can be motivated to write efficient assignment 
statements after looping and^ iteration is introduced in 
Chapter h. 



7 



\ 
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Ansveris to Exercise 2-4 Set B 

-Tijw are no superfluous parentheses in Case a. In Case b, . the paren- 

'theses around {D/E) can bej^omittedj yielding ^ .'>,v^ , " 

✓ * » * 

.J\ - (A/B + C X D/E)/(F X G), , • 

Nc\tice, itH" po&slble to make a further revision 



(a/b + C X d/e)/f/g ' \ 



thereby removing a pair* of parentheses, but in doing so- we are changing the 
computaticnial rule ^ though not necessarily the mathei&atical intent. 



> I 



„ERIC; 
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2-5 .Rounding Functions ^ " _ . 

The general idea of rounding will be quite well Known to £he studentTI^fle' ' 

- ' / - 

knows, from long experience, ;:hat in long. division and in takitig bq uaie r oot g" ^'" - 
he must somehow terminate his process. More than likely 'he views rounding as 



a rather random procedure. The number of terms to which he carries*'his''divi- 
sion, as well^as the^cisiofi on the value ^of-the last digit, is left to 
student capfice. jr \ ^ . ' * * * . 

One of the t)urposes of this section is the presentation of rounding as a 
perfectly definite' procedure de^cribable in terms of well-defined mathematical 
functions* All of the cofSnon methods are seen, in fact, to be expressible in 
terms of the greatest integer function. ' ' > 

The idea that rounded values are exactly 4etermined 'and that the functions 
used are genuine mathematical functions is reinforced when we show that these 
same functions are frequently used in obtaining the exact answers to certain 
types of mathematical problems. The only one of these which has earned a name 
in ordinaiy mathematical n6tation is xhe Greatest Integer Function, [X]. All 
the others are easil;jj:.-.ex$ressible in term^ of it. 



TheJ4#a of using^e greatest integer function in obt^inihg^^the^ecise 
^sojy.tlons tp problems is ^illustrated in examples and problems of this section, 
in the Euclidean Algorithm" of Section 3-2 and in num^rjous ot he i*^ examples . ^en 
such rounding is required in the mathematical solution of a proCX^ ^^e-^^lsvifay^s 
indicate it in our flow charts, i.e., explicitly. Thus, in the Euclidean \ 
'Algorithm of Section 3-2 we find '^"Vv, ' ^ ^ 

\ y 



R ^ A - B X [fi/A] 



which assigns to the remainder in dividing the integer A by the integet- B. 

^ . • T 

On the other "hand, we never indi crate, in our flow charts the rounding that 
is forced on us by the fini/be word^length in the computer. This sort of round- 
ing is ever-^reaent in computing. Ev^ry^ arithmetic operation in a compu-feing 
proces^' is followed by a rounding actioiP-bha.t is an application of some round- 
ing function. If, for example,, the rounding being used by the computer is 
ROUND to tVe nearest ten thousandth, then the flow' chart box ' 



32 



will have the. effect then that the' value of X will he 



\^ ^ 10'^ X R0UND(10^ X ?/Q) 



Again in the flow chart bo^ 



XL <- (-B + - ltAC)/2(A) 



one solutioi^of a qertain quadratic equation is being assigned to XI, The 
^xact value of "the Expression on the right is the exact value of the desired 
root^» However, the computer must ;Djrform nine ^operations in the evaluation of 
the right-hand expression and a;Ll but one of these operations is immediately 
followed by a process which is tantamount to the application of a rounding 
function* > . 

It is diff icultv, to estimate the error in the act^til (\omputed value of A* 
We adopt the ho^ei'ul attitude that if th^^ initial values computed for the va«v^-- 
iables are sufficiently accu^-ate,^ then the answers we output will also be close 
(but less close) ^ The' dangers inherent in this assumption are strikingly 
brought qut in Chapter 6. ' •. , 

is not intended that the student should commit to memory Jihe names of 

the various funct^oas* introduced in this section. The funciioTis GRIN atid 

*^ t . • 

FRPT should sHffiee for all future needs. 

One more related observation: " / 

' When we want the computer to produce an e'bcact value, we don't always 

^ . **•' . " ' * 

get xt by specifying an egression which, -mathematically, is the exdct 

A equivalent of what we want. " . ^ ^ 

^ For exampiie: Mathematically y > ^-^ 

7 X FRPT(10/?) and ^ 10 - 7 X GRIN(lO/7) 1 

• » 4. 

^ are both equal to the reminder when- 10 is divided by 7, but a com- 

puter w^h round off to h decimal places will compute tlfem -respectively, 
as \ ^ • . " " . ' 

2.9995 and ^ 3*0000.' 

The. second al-feernative is then greatly to be preferred. , . - 
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Rounding to produce exact values : Flow Chart vs.* Procedure Languages 

In languages like ALGOL and FORTRAN certain conventions are used which 
, allow us to imply ra"dher than ^ forced to spell out some of the rounding 
functions that produqe exact values. We 5hall elaborotfir-oa^thls because It 
can be a source of confusion when carrying over key concept^ ii^e assignment 
from the flow chart tio the procedural language. ( *^ „ v • 

Suppose we have a real* value of A ' which is to be approximated as^ an 
integer in some way and suppose this approximation is to be assigned to I. . 
We must spell "out this prosees* in the flow chart as a sequence of two st6ps: 
rounding, and assignment, e.g., - ' , . 



.3; mrNK(A) 



or possibly 



I <-ROUND(A) 



r 



I -'J 



In most proceduiiSal lem^i^ges, however, the assignment statement has^ round- 
ing a^ an implied operation . ' ^ 

Thus, in FORTRAN we would say 



or in ALGOL 



I = A 



I:=A; 



(rounding action of TRUNK is automatic) 
(rounding action of ROUND is automatic) 



Implied rounding arises because each variable has a type or mode associated 
with it that governs the digital coding scheme used in representing its value ' 
in storage ^ (UsiWly the type for each variable is declared as part of the 
program or, in the aose^ice of explicit* declaration, some 'default'' i^e is in-., 
yoked, allowing the computer to decide the type.)'* ^ 

The particular rounding function that is implied in an assi^aent state- ^ ^ 
ment. as can be seen from thoise two 'examples, *'is unfortunately not standajrd. 
It depends on the computer language one happens ^ to be using. 

Finally, ^we note that integer di'^isi on, i.e., where the remainder is.% 

1 \ 

thrown away,^ is another example of implied rounding in some of the procedural 

languages. Thup, in FORTRAN and MAD, there is no special operator symbol to 

denote the TRUNK function operating^ on the quotient to give its integral part. 

This is simply^ implied ^hen^ver the two operands ot/ the division are type 

integer expressions,. • V» 



. Answers' to Exercises 2^6 Set A 



1. 6 trips . ' ' 4 * 

2. (The purpose 0f this question.is to begin motivating an interest in 
Chapter 3 which deals with^ branching.) The algorithm is definitely not 



seaworthy. Wrong answers will occur when FRPT(7 



TONs 



r) = 0. I.e*,. 



'CAPACITY' 

^hen TONS is exactly (Jivid^d by CAPACITY the algorithm will print out -a 
value^^r TRIPS> which is one too high. While thrs is an unlikely occur- 
'rerice, it nevertiheless can happen. Many ^srtu dents will recognize the 
problem tut few are likely to see how to'^'Jsolve it, because we have not 
yet introduced the condition box in our flow chart language. A simple 
solution, which will becom^ ;neanin^|.^after completing Section 3-1, is 
as follows: ,* 

^ 2a- 



TRIPS 



TONS 
CAPACITY 



^ 2b 

{^TRIPS - [TRIPS] = oy^-^ 



2c 



TRIPS [TRIPS] + 1 



iL ^^"^ 2L P^^lpsophy ; Complex computer programs often have case^ like ' 
" this which fail^to showtjTone9us rtssults during the check-out phase With the 
particular set or sets of test data. »Mach later, when the program is assumed, 
to be. thorouglfly tested and in actual "prodiictlon", an obvious plunder in th3 
.program, like-the one. illustrated iiere, comes to light when using perfectly 
le^itin&te.data. ' * ^ ' 'f* 



Answers to Exercises 2^^ Set B 

This group of problems gives some practice with the four rounding functions, 
ROUND, ROUNEUP, TRUNK, and [ ] . Exercises 8 and 9 introduce the use of th^ 
greatest integer function in modular arithmetic (computation of reSfidues). 
Exercise 9 is 'the first of several appearances of the carnival wheel problem. 
Over a series of exercises in Chapters 2, 3, and 4, we show l^he student how 
this simple problem can grow in complexity from^ computing' the winnings on a 
single spin of a wheel that has a simple (linear) win-loss .function, to an 
experiment in which a' wheel whose win-loss funciiion can be of arbitrary com- 
plexity is put through a sequence of spins with the wins (or losses) being 
accumulated'- ' 

It is possible to develop this even further. ; A^di^ional discussion is 
given in the commentary in conhection with Exercise 4 of Section 4-1. , ^ 



Answers^ to Exercises 2-6 
I. . COST = .08 X RCXJNIXJP(WT) or CO§T =' .08'X (- [-WT]) 



2. li = TRUNK(iifi) or N = GRINfM)-*^^. > = [i^]^ 



y =: ROUNIXJP(X) 
y ='-[-x] 







2- 




1. 

^ 1 — 1 — 1 — - 




-3 -2 -1 


1 > 1 1 

1 2 3 




I -1 


V 






. -3 ' ' x< • 



h. y = TRUNK(X^ 



5. y = ROUNB(X). 



7 



-3 -2 -1 



■e 1 1 h- 

12 3 



1 
+ -2 



3 + 

2 



-3 \ -2 ' -1 



-4 1 h- 

1 2 3 



1 
2 
+-3 




ERIC 
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Comment ; This exercise is in the "fun and games" category. 

, ♦ •» 
- . = y 

5 

It 

3 

2f 



-5 -3 -2 -X 

H 1 1 1 



t-3 

-It 



1 

t-2 



H ! t 



1 2 3 1+ 5 





X 




5 
■ 2 


3 
2 


1 

" 2 * 


1 

2 


3 

/2 


5 
. 2 






Rouro(x) 




-2 


-1 


0 


i 


2- 


3 




a. 


NEWS S + M 


- I'f'] X 5 












b. . 


None 
















c. 


NEWS S + M 


rS+M- 












* 



This exercise with the carmival wheel should provide good practice with 

modula'l\ arithmetic and should develfi^an appreciation of the value of 

inte*ger arithmetic in general. Other exercises are built on this one 
in later chapters. ■ ' - - - 

Answer: Notice that the wheel will come ;to rest at & position 



s = (m + s ..j) modulo 32 
new ^ old/ 



Then k = s* modulo 4. 

'1 . new 



> 



On-tKe other hand, we ai-e not really interested in knowing s in 

new 

this case. We only need k, which we can compute directly: ' 

k = (m''+ s^^^)modulo k 
This can be expressed as the flow chart box ' ^ 



m + s - ( — ^ — 1 X k 



The points p can then be expressed in terms of k as 



p = 20k - 30 



as suggested by the graph 
at right \rfiich shows the four ' 
possible point values falling 
on a straight line. 



expecranon 




ahocf/' even - 



JBase^ on the above discussion, we then have these three alternative 
flow 'Chart solutions, in decreasing order of elegance. 

(a) ■ . ' ■ 




P 20 X 



.1 T ' : 2 



(best) 



T2 



(c) 




• J 
















k + 


s ^ X k 




p e_20 + k - 30 








r 3 






* 


P 


(2nd best)' 

* 




^mt s,- [2ULi] X32 



k- S J [-r] X 

P 20 X k - 30 




(acceptable). 



If you feel some^or all of your students^ will n4ed additional helsc^^^t 
this prolDlem, you mig^it offer some help along the following lines. 

• > ' - ' ^ I , ^ 

Additional suggestions ; , - 1 **\< 

1, . Suppose you divide each of the blue sectoirjiumb^rs by k. What are. the 
remainders? What are the remainders if you had started with the green 



sector numbers 



, gx .the red, or the yellow sectoi? numbers^ Are the 



remainders you just four^d the ^arne as the values- of k J 



' T2 

2. Prepare a chart for, plotting the points won versus the remainders^ of 
step !• Call the remainders k. . 

» 

3. Plot the four given point, values on this, chart as a function of k. 

•* . ' 

h. Do the function values fall on a straight line? If so, fihd an equation 
of the form , " ' • • 

p = mXk+b'. »• 

by determining m and b. , ' » ' * 

, > 

Comment : In xhe problem statement the poijit formula is^ such that after a 
large number of spins the player should come out about even. (Coming out , eye n 
means with 0 total poin-ts*. ) Since most players enjoy winning, it is of 
interest to note that shifting the ^straight line in the graph upward, as 
suggested in the figure, will give the player a positive expectation. It » ' 
would be interesting to see how the students would answer the following addi- 
tionaJi^uestion: ^' 

"How would you alter your flow chart if I/he rule is^to be \ 

player loses hO points for blue 
player loses 20 points for green 
' player 'wins 0 'points for- red 

player wins 2^0 points for yplj-ow?*^ 

The answer: 

Only ^one box needs to pe changed in the flow chart--box h ]:fecomes 

— —a. 



p ^'20 X k - i^O 



t • 

(This number is the only change! 



Later, when co^itional statements and subscripted variabies are intro- 
duced it will be pos^ble to simulate much iflore *nte resting games of this type 



^ 



2-6 Alphanumeric Qata 

> 

The ideas developed in the preceding section, coupled vdth those in 
Section l^k on tit patterns for alphanumeric characters, arg reviewed in order 
to introduce* the Idea that flow charts may describe the input, .assignment, or 
output of alphanumerical as well as numerical data. Careful parallels are 
established between each of the three 'step types carried out on numerical and 
no n- name ri c al* da t a • . * 

First we explain how a variable may have -a non-numerical value. Thus, ' 
the^alue of X might b^Hh^ ^let^tej* *>^X". \Then-V^^;show the two possible forms 
of an assignment stejfv" ' ' ^ ' • 

' * - ' variable <- variable 

or ' ^ / • ' ^ 

•* » variable ^Iphanumerical constant 

Several example flow charts which deal with alphanumerical data are illus- 
trated and explained.. The section closes by pointing out certain possibilities 
for ambiguity in & fl(Sw chart where it is not possible, looking only at the 
flow chart, to tell \riiether a given variable is to have numerical or non-numer- 
ical 'values. The ambiguity is eliminated in one way or another in eacln com- 
puter programming language . - * . ; ^ 

Comment ; We«believe it is very important that the student gi:asp the potential 
of compiitrers, flow charts, ^and progranmiing languages for solving problems which 
deal with alphanumerical* data, .e.g.,. data processing, symbol manipulation, ^etc,» 
But we also realize that there simply may not be enough time in a one-semester 
course to cover this* tojfic and those that bear somewhat more directly on con- 
verttional mathematics.^ For this f'eason ye hav^^^n^ted to iplkte the topics 
on alphanumeric data processing at the very fend'of this.^apter and at the end 
ofi^apter 5 where it i,s discussed. Jn this w the material may be skipped , 
without loss pf continuity. The exception, of course, is Chapter & yhich dealsy 
entirely with prbMems using alphanumerical data. 

There are no exercises for this section. As noted In ^ke outline we gave 
for Chapter 2, this section, and its companion section in the language supple- 
ment,, can be 'skipfj^d without loss of continuity. The section is not a% all 
di^'ficult to understand — it has eye-opening id^as. We hope it will prove both 
amusing and intriguing, and that time will' be* found for it. 



Chapter T3 
BRMCHING AND SUBSCRIPTED VARIABLES 



3-1 Branching is introduced. The use of the simple condition box 



3-2 



■CUD 



TRUE 



FALSE 



is illustrated wj.th several examples. Calculation of D and the com- 
pari son D < Qkl would suffipe in Figures 3-1 and 3-2 saving computing 
time in taking square roots. However, the intention here is to focus on 
the condition box rather than efficiency. Simple programs and loops are - 
described. Relational expressions introduced as the -basis for a branch; 
other decision criteria are illu,s*trated. The problem of finding and 
identifying the ^lar^est of three numbers is discussed in detail, showing 
alternative flow chart forms. The section closes with an example algo- 
rithm for tallying test -scores which (Figure 3-7) uees all concepts 
developed to this point • ^ * — : 

Two exercise , sets are given. Set A is quite easy. It is *iniiended 
to show examples of ^simple branching • Exercises in Set B will be more 
interesting to the student since he ij? P,^^^ asked to synthesize flow 



chart^ for simj^le algoarithra^, 



J 



Auxiliary Variables ; that is,^ variables wnioh do not specif4^a;jUi_occur ^ 
in the problem statement are discussed and illustrated with significants ? 
mathematical examples. The first of these is the Fibonacci Sequence. 
The need for an auxiliary variable' calleJ^OPY is illustrated graphically. 
Actually, this need for COPY can be c^.rcumvented by r6pla9ing bqx^i^- of 
Figure 3-13 by * ^ ' . 
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LTERM <- LTERM'^ NLT 




^ NLT LTERM - NLT 




I I + 1 . 1 

















It is hard to find, really simple examples in which the use of an auxiliary 
variable (for all ItsNitility) cannot be avoided. Exercises using sub- 
scip-pted variables (^Section 3-5) will require frequent use of auxiliary 
variables. . * - ' * 

Ejcercise Set A follows the treatment of the Fibonacci Sequence. 
Exercise 2 uses the simple generation process of the Fibonacci Sequence 
to produce a set of numbers uniformly ^jstributed between 0 and 999" 
(see Answers to Exercises). This exercise is referred to in later sec- 
tions as^ a source of /'random numbefs". ^ j 

In the same section we develop two algorithms for computing the 
greatest common divisor (g.c.d/) of two numbers (figures 3-lU and 3-15). . 
A number of later exercises will require the use^of a g.c.d. algorithm. 
The notion of interchange of two variables, a common process, again illus- 
trates the use of an auxiliary variable. Curiously, the need^for an 
^auxiliary variable can again be circumvented at so^e expense in 

complexity arid computing speed) . For -example, instead of box k in. . 
Figure, 3-lU, we could use , - ' _ ' . , 



B <-'a + 


B 


A <T B - 


A 


B <- B - 


A ^ 



We do not feel that this is important but don't be surprised when, sod^ 
students come'^up with it. ^i^^^^ i »* 

J^' The section ^closes with an ilitroduction-to the idea of an organized 
trace through, tlie steps of an. algorithm for purposes, of "desk- checking" 
or^verifying an algorithm. Two ^exercise sets are given; Set B, contain-^ 
ing two cfuestions, .^nd Set C, each exercise of which requires construc- 
tio^ of a flow chart modeli'hg some analysis of^a straight line (or line 
segment) through (or between) two given points! 
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" . V . •' T3 

3-3 Compound Conditions > aW Multiple Branching 

Although we do not introduce the logical operators and , or, and not 
in any foiinal way in this text, ve use these informally. For example, ' 
' ^ the compound condition 



2 < X and 



x<^ 



is explained, and we show the student how such "compound conditio'ttp^ 'may''*^ 
^ be decomposed into a group of one or more simple condition boxes, each 
^ involving only one relational expression. , We also show how a multi-vay 
bf^alich can be decomposed, if desired, into a series of simple (or two-way) 
coj^Jtion boxes;-and we illustra-j/e this multi-way decision boxUn a ' * 
' re^pd fqrm of the tallying algorithm (Figure 3-20). 

There is an Important set of exercises at the end of this section. 
Compound conditions are given in the form of verbal statements and graphs 
>.of geometric regions. The student" must then develop, or synthesize 

detailed flow charts using simple boxes for each case. He is then given 
^' severaf flow charts of compound conditions and asked to graph tKe region 
deten^iined by these conditions. Tlie carnival wheel problem from Chapter 
2-6 is expanded in this set (Exercise ll)-and is treated one more time in 
an exercise in Section 3-5, Set A. 

3-^ Precedence Levels for HeXations f 

We^ explain how relational symbols may be thought of as having* a 
precedtence level with respect -to t|iose of the arithmetic o^rators 
(Table 3-2). We actustlly 'avoid calling these relational, symbols 
"9P®4i^"^°^^/' although, of course, most computer and language people ^ . ^ . 
prefer to think of them this way..^We have also avoided referring^to a 
relational expression as a "logical" or Boqlean expression (whose value 
i6 -either true or false)* We liave chosen to avoid the complication, in j 
this text, of defining Boolean var^bl^es and Boolean values^ Instead, we * 
simply think of a relational expression as having the three-part fom\: 
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arithmetic ' relational . arittmietic 

e:^i%ssion. symbol " expression 

No' exercises 'are given at the end of this section. 



Subscripted Variables , the second crucial concept of this chapter, is 
introduced here. A good deal of 'attention is focused on thfe'^lstinction 
J^etween ordinary variables *and subscripted variables .and the distinction 
between inscriptio^ns like ^ ' 

• X3 ' and Xj,' , ^ . 

The problem of finding the. largest value in^a list of values is 

-9' 

illustrated with and withbut the use of subscripted^ va;riables (Figure J*-'22). 

A special notation is given for the input and output of dat^ values *. 

for a li^st of sequentially subscripted variables, Thi^s ^s ^ notation 

which is in corainon use. Some programming languages use essentially this ^ 

notation while others (notably FORTRAN) unfortunately interchange the 

order of the* increment ^and th? cut-off point. We can, only remark that 

the order used in FORTRAN \s not the common mathematical J^age. 

> • * - 

The section closes with the development of ^ very ^^imple algorithm 

for sorting a group of numbers in ascending order ^(Figure 3*2?) • This 

algorithm illustrates nearly all the key ideas develope^An thfe text to 

this. point. Although Chapter k again takes up the question of sorting, 

an exercise at the end of this section (Set B) requires the student to 

. begin thinking seriously about "the process (Figure 3-27) and understand 

it thoroughly. 

A vector is defined in this section as a list of variables like X£, 
X^, etc. of a linear array. We also ^gree to call the list of values -of . 
these variables a vector. , » 



\ 



T3 

6 Double Subscripts are Introduced here. The singly Subscripted variable 
concept Is expanded using the now .familiar window ox technique (see 
Figure 3-30) . A set notation Is Introduced for Input-output of a com- 
plete matrix. ' ' ' . * 

• . N 

A -set of matrix elements ate listed in a sequence determined by an 
inner index which ranges over a set of values for each value in the range 
of an outer dnde^i^^^us, ir^ the notation: ^ 

. • : ((B i = 1(1)3), 4 = 1(2)10) . . ^ 

Inner • outer 
Index ^ Index* 

(rows) (columns) 

the sequence of elements suggested by this list is the elements of the 
odd-numbered coluinns (one column after ^the oth'er) of the B array, i.e., 

\,9' ^9' ^3,9 ' ^ 
Similarly, in the notation . » * ' - 

- I. 

((T J = 1(2)5), i.F 1(1)3) 

* ^ inner 'outer 

ve refer to a^row-by-rov sequence (3 rows) in each of which we take the 
elements from odd columas, i.e.> . ' 



\v ^i/y ^2,v%,3' ^2,y, ^3,1 



T T 

3,3' 3,5' 



A simple zero-sum game using a 6x6 array of simple Integers is 
^ then deVlsed-and modeled or' translated into flow- chart rform. The power 
of subscripts is suggested by our. ability to generalize this game -to one 



which uses an n x n array. 



> Several exerclees requiring the student to synthesize loops which 
carry out simple' ope!rations on a row or column of a matrix are then givon. 
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'Answers to Exercises 3-1 - Seti A • , 

i: 2x5 <• 7 is false. Ou€pu1;' value for LRGR is 5. 
^* 2 X (-3) < -5. i6 true. Output value for LRGR is --5. 
3. 2 X (10) < 5 is false. Output value for LRGR ""is 10. 





/A 


B 


„ a2 


A^-B 


b2 




h. 


5 


7 


25 


18 <' 


if9 


true 


5- 


■-3 


-5 


9 


llfW^sK 


25' 


true 


6. 


10 


'5 


100 


95 < 


25 


• false 



Value printed for LRGR 
i 7 

-5 

10 



1 



Comment on Exercises 7-11 ' 

For each exercise test data and answers arSigiven. If you assign p)ie 
^cj)intuter- checking of these exercise s,^yoU may wish to give tb,e students these 
data and check their computed results against the given answers. " 
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Test Input Box 4 or 5 

Data : b^c^d^x Output 

1 7,3,^,2 

2 3,7,^,2^ '2 



Test 
Data 




'Input 
b^Cjd^x 



7,3,^,2 
7.^,3,2 



1 

3^^ ' 



- I 
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not yet ^ee that values for c • b H- d • •x and d — c 
^\^P®^^ e^ch "be assigned to the same variable, say t. Thik shouldr be |;ointed out 

to him^. The advantage of using the same variable is^that a common print 
* Statement box 6 can xhen te used. . ♦ ] 



■9. (a) 




alternativi^lr 







f b,c,d,x 






b^c^d^x 


3 




t b" 


+ c 


u bxcxd 


V , 





5 


T 


w <-t + u 








r 



y 1"- 



w,y 





I 



^(b+c )^x^>bxcxd^ — , 



w <-b%<c^d^ 
y <-(b4-c) 






( STOP 


Test 


Input 


Data 


b,c,d,x 


;1 




2 


7, 3,&,2 



Box 6 or 8 

Output 

V or V, y 



94 



15876,10 



• Comment y Solution (a.) is more^ efficient computationally in the Wense-' that ' 

. \ 

^ subexpressionjs developed and temporarily stored for use in the iest in box k 

' r ^ • 

are reusea in boxes 5 and 7. A minimum of computation in boxes "^p and 7 is t-h^n 
*regLuired\ ^The virtue of Solution (b) is J^hat it follows theystatement. of ttie 
^ V * problem , more closely. Ybu ^an expect stuH^ to turn in solutidks like^(b), 
. bOt solutions like, (a) should be pointed out to them-. \ ]' ^: ^^-S^: 
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10. 




3F 



stun *~ j + n 



5 1* 



/ 

















sum ^ 









W5 


Test 


•Input 


OutJ)Ut . 


Data 




i,ra,n,suin 


1 


• 7,9,11 J 




2 


^8,11,9 f 


^,11,9,19 




t 


« 



11. 




*^EVERX REAL 
NUMBER 
SATISFIES 
bx + c = 0" 



.HAS n6 
RdpT" 




Test 
Data 



Input 



Box 6, "7/ or 8 \ 



f ■ 





1 




the root of Idx+c^^IP^ 
•i^ -2.0 " ^ 






- 0.1^ 


bx + c' = 0 has no • root 


i 


3 


0,0 . 


■^very real number 


5 




" 1 ' 





"THE ROOT 
OF bx+c='0 
IS", X.- 



Exeroiseg 3-1 Set B 



,This is a very , important exercise s^t. We, expect the studeitt to try his 
hand at synthesizing simple loops. Students should \>e asked to do at least 
^two or three exercises here' Including k and 5. If necessary, the answer to 1 
could be given to them.^ But, if so, he should then be asked to do all the rest! 



SUMALL <- 0 
COUNT <^ 1 



SUMALL <- &UMALL +'' 'T- 



COUNT COUNT + 1 



^COyNT > 100^'^ 




Alte'mate solution: 
^ Box ^ could^^e 

COUNT £ leo ^ 



.SUMCUB^O 
COUNT ^ 1 




f 2 





*UMCUB ^ SUMCUB + T^ 



COfNT <- COUNT 1 



-(^COUNT > ipo) 



"SUMCUB SUMCUB 




er|c ' 




51 . : 

.! 5?! 



' it 



FT 




V . • '(^ T < 0 ^ 




SUMNEG <- SUM^G +|.T 



COUNT «- COJKT + 1 



-T ^COUMT > 100^ 



./ . ^ ^, - 




T 




"SUMNEG 
* SUMNEG 

V 


























ERIC i 




» • 








'58 




SUl^ALL <- Q 
SUMCUB 0 
' SUMNEG <- 0 
COUNT 1 



r 

SUMALL 




+ T 


SUMCUB 


sumciJb 


+ t3 



(^T < 0 ^ 



5 



SlMfEG <- SUMNEG + T 



COUNT «- COUNT + 1 ' 



( cams > ioo )l 







"sumau 

"SUMCUI 
■ "SUMNEC 


" *^ — J 

J SUM^L,. 
5 SUMCtXB/ 
) SUMNEG" 




* 4 STOP 



T3 



5 



1 


1^0 




state 


0 


SqA 


0 


ScB 


0 ' . 



2 . t 12 * lU 

^ I = 100 J - ^ScA =: "sciT y-^ — >> ^ScA > ScB ^ 



13 ' 


T 


"TIE 


GAME" 


ScA,^ 


"ALL" 







STATE = 0 



3cA<- ScA + 1 



11 ^ 



^ STATE = 0 ^ 



State <- 0 



9" 



State 



I 



I «- 1 



^ n 1 


T' • 


15 




"PLAYER A WINS", 


ScA, "TO' 
/--^ 


,ScB 

N .-^ I 



16 



i 'PLAYER B'WINS", 
5cB, "TO"/ ScA 



10 




/STOP 



3cB ScB + 1 



Comment*: The condition boxes in the solutiofi coufd, of course, lie ^rran^ed 

in a variety of equivalent ways. A more subtle solution, not likely 
« , to be produced by the student at this stage, is shown below. We use 



1 ar^d -1 fqr the states in order to simpKify box 17 • 
from Box 3 ' 



tQ Box 2 
22 



i.<-. r^+'i 



f , IT 
|^tate>0 ^ 



18 

^^tate>0^^. 



20 



ScA <-'ScA+l 



S.cBV ScB+1 



21 



State < — State 



^ 5 
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Answers to Exercises 3-2 Set A 



We assign 0' for the initial value of NLT instead of 1 fox the follow- 
ing reason: The value's printed for LTERM at box 2 would be 1, 1, 2, 3, 
etc. But, if NLT were initially assigned the value -1, then values ' 
printed for LTERM would be 1, 2, 3; 5; etc., with the f i'rst ■ number of 
the series missing. i 




liTERM ^ 1 
NLT ^ 0 
I ^1 



I, LTERI4 



>I < 117 



T 




STOP 



COPY LTEPM . 
LTERM ^ LTERM ^ NLT ^ 




J. 



■ i 



an 



For large numbers in tiffe Fibonacci sequence the' n rightmosll'decimal 
digits are essentially uniformly distributed between 0 and 10^. 
' algorithm like the one for this problem has-been found^useful for ger^'rating 
random numbers, especially when n is larger. ^ (See, for example, hMy^Galle^^ 
"The Language of Coi^ers, "^^ Section 6.3, P- 72.) Eveh for n " equal i|hre,e^t^^^ 
may be p.oss|^e to see that the numbers approach a unifom distribution 1 

I.e., approximately half of the generated numbers should exceed 50O and 
approximately one-tenth of the 100 generated numbers should fall bel^een . 
300 and 400. " 

Suggestion -: You might use the 100 generated ndmbe^s as the data set 
for the exercises 'in Section 3-1, Set B. " ^ - 
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TOLD 



I <-2 



C 



TNEW 



TWOSUM TNEW + TOLD 



"TWOSIJM 
TWOSUM 







TOLD <r- TNEW 


I I 


+ 1 




1 7 



''(i>ioo y 



stop! 



TOLD 



I <-3 



Tm 



ALTSUK^<- TOLDER + TNEW 



"ALTSUM=:" 
ALTSUM 



r 




TOLDER^ <-TOLD 
TOLjb ^ TNEW 
I <- I t 1 



I > 100 




\ 
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I ^3 



c 



TNEW 



TOLDER TOLD 
TOLD <r^ TlffiW 
I 1 . 



TKEW < TOLD 



AVERAGE f- 
TOLD + TOLDER' 



10 



AVERAGE f- , . ' 

TOLDER + TOLD + TNEW 



-11 



AVERAGE 



♦ 12^ ^ 13 




T3 
6. , 



if 



CJomments : 














3 




B, 


6 




1; 




^ N < 15 ^ 



3^ 



+ 1 
■ SUM + 1 
A + 1 

V 



N <- N + 
SUMB <- SUMB + B 
SUMA <- SUMA + A 



You may need to gi/ve the ^Students some hints in order to prevent them 
*f rom summing all the tirms in Columh A, and Column B each time they need a new 
B ^ni C, respectively. IJie hint, jnight go something likeT 

^' "Summing all, the terms., in Columns A and B each time you need to 
compute a new* B -and C, respectively, Us wasteful, difficult to 
program and cah l?e easily 'avoided if you employ aux£liary variables- 
yhose Values ar^ the "runnirjg"* sums of Columns A and B.** 
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Exercise ^6 calls fojf the generation of the following table: 



"by -the process 





A 

R 


■D 
15 


0 


0 « 


1 


1 


1 


1 


2 


2 


2 


2 


3 






3 


It 


7 


8 


h 


% 


11 


15 


5 


6 


i6 


26 


6 


7 


22 


42 



etc . 



N-1 



B^=l. Z 

1=0 ^ 



f N-1 

^N = ^ ^ \h 
• 1=0 



Notice ^Iso that 

= \-l Vl • ' 
; > ^- • • » . = "*■ S-1 

for all the entries shown. Is it generally true? Consider 
e , 1=0 



N-1 

^i 



i=0 
N-1^ 



. _ 1=0 ; ^ 

which proves the general truth of the second form (for the 
mathematical induction*' * 



ERJC : 



59 




I The solution to the same problem is now seen to be: 




'-^ N N + 1 




Additional remarks on the Fibonacci sequence 

In this Chapter and in*j^iapter ^ we have made considerable use "of the 
Fibonacci Sequence. This sequence has served as a pedagogical vehicle for 
introducing and illustrating various flow-charting techniques. The computa- 
tions themselves are of no mathematical importance and there is a simple for- 
ffiura for the n^ term, a^,' of this sequence. We derive this fS?mula below. 
Whether this derision should be presented to the' students as "enrichment" ^ ' 
material must be left to the discretion of the teacher. Certainly, if the 
student can follow the presentation, then the mathematical content (i.e., that 
of solving recurrence relations) is very important.'. 

If this material is presented to the student, it is likely that he will 
experience his greatest difficulties in passing from ste{> (3) to step ih) 'and 
from step (U) to step (5). In order to clarify the transition from step (3) 
tQ step (U), the teacher could copy from the formula of step (3) with k re- 
placed by 2, 3, h, 5, 6, 7 and'then add up thee corresponding sides of the 

equation indicating the sum, with dots (e.g., a^ + a + . . . + a_) . ' Now use >. 

7 ' 
Sigma notation, instead or the' dots (e.g., ^ 2 a^) and then replace .t)ie 7 by 

n throughout the formula. 

^' 

In getting from step (k) to. step '(5) it should suffice to observe that the 
indicated sum:^ i^ step' (5) have the same terms as those in step^ (h) / Now we 
proceed with the derivation of the formula. " ^ " * 
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The Fibonacci Sequence is determined by the following recurrence relation 
and^ initial condlticHisr' » ^ 4 > 

^n = Vl^ V2 for n>2; aQ = a^=l. 

^ ft , * " 

We have seen in the student text how we may successively compute a^, a^, a^, 
etc. We now'^ derive a formula giving a Hrectly without first calculating 
^2' ^3' etc- - ' • . 

. First we substitute-, K ftjr n in formula (l) to 4)btain 

(2) ' :\ = Vl-^'V2 1^>2. ■ ' " 



T3 ! ^ ^ 

- ' ' 1 , ^ 

Next, multiply both sides of this equation "by k , yielding' 

• (3) aj^xt = &^_^x i e^_^x for^-teO 2. 




Now sum from k = 2 to h, 

k^2 ^ k=2 k=2^~^ 
Rewrite the last two sums so as to have appear in the^fsummand * 

(5) Z a, X = Z a, X + Z a, x . 
k=2, k=l ^ k=0 ^ 

From each sum in (5) pull out two terms so as to have the range of the ^ndex' k 
the same in all three, 

n-2 , ' ' ' • 

//-v ^ n n-1 ^ k 

(6) a X + a tX + Z a, X 

k=2 ^ ' , - 

n "I^ k+l . 2 k+2. "3 2 

= a ,x + 2 a, X + a,x + 2 a, x + a,x-^ + a„x . 

"-^ k=2 ^ 1 k=2 ^ 10 

Combi ning some '.terms : 

/«N n n-1/^ \ %k / 2v 2 / k+2 k+l * kx 

(7| a^x + a^^^x (1-x) =*%^x(x+x ) + a^x + Z a^(x + x ^ x ). 



Recal'liog from (l) tTiat^ a^ = a^ = 1, 



• n-2 

-.-(8)- a + a- .x"'-'-(l-x)'= x(x+x^) + x^ + 2 a. x^(x^ +' x - l) 
«n " . . . k=2 ^ ' 

or ° ' ' ■ 

,n-l.. .A _ 2, , .2 . ,.2 . , ^Jt. 



(9) a^x" + a^_T^x""-^(l-x) = x(^x+x )--i-^x^ '+ x - l) 2 a,X-- 



By skipping st|i>^) and just suimning (2) from k = "2 to Jii (this 'Amounts to 



i 

substituting T . for x in. (4)) we hav|,- 

*4 ' rt ' n n " • ' 

5 a/ = 2 a, + Z . ' • ' . • 

, . . . . • . , , k=2^ k=2^"t 'k=2^^ 

, ' . f . , n-1 n-l n-2 * • V 

' * ' ; a + Z a, = a^ + Z a,- + Z a^.' 

• ^ ; ^ * • n-2 - ^ ^ ' • 

so that I i/ ' a = 1 + 2-a, * ' , _ o 

^ -»e>^ « * > kr=0 

, i^* * • J , ' ) • 

• This re8ulVl5an**also be, obtained ^y substituting 1 for" x in (?) belowV 

It will discovered by the "student wfien he works problem 3, sfccerciiSfe 4-1. 



Now ve will determine the value of x s5^:hat + xl - 1%sQ^ yrhence the 
last sum* in foiroula (8) ^11 drop out% Using the quadratic -formula, the rooi^'^ 
of ^ • ' * 

- . . > . x%+x.l 

- we found, -fco be ' , , »- , » . . ^ , j„ ... 

- • ' • " ' , + \ ' I '■ e> 

For conVeiri-ei^ce wS write r = ^'' - ^ sd tfe'^t -the two roots are* 

\ " . ■ . ' . • ': 

(10) ^ V. ■ ■ . i = . and "^r = ' . ^ 

\\ ^^r 2* ^/. . 2 



If -X* designates\erthe?^of these^oots.^ we have, x^ + x = 1 and l-x=x^ 



that (9)» becomes 
or 

• '(12) : ' 

; ft ^ . f 



so 



/ \>*^ a X + a _x = 

^ •V'' n^ 7n-l ^ 

/\ / 

n Tn-1 ^ ♦ 



Substituting each of ^tl^ roWts for , x - we have th^ system, 



(13) 



« In / 

rn - ^-1 ^' = ^ j 



Now we multiply the first of'thLse equiatio'ns liy r and "the second by - and 
. add- to eliminate a,. \ ' ■ ' -/." 



n-1 



r a + a 

*. n 



From (10) r + - is seen to simpjLy so that 



•(15) ' ^ 

?t which is the- desired formula. 
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)9 



n+1/ 



It is seen that the' term (--) tends quite rapidlv,4;a/'zpa:o^o *f or 

large n, a .is approximately — x where r is abproximately I.618. 

V5 ^ > ' . 

It is, further, easy to Calculate that r = ~csc — as seen below. In 
the isosceles triangle (a) * * * ' ' - 





dj^w from the vertex B a'* segment BD bisecting / ABC to obtain figure 
\lo). From tlie similarity of -A ABC an^ ABCD we.* have * — ^ 



^ X ^ 1 

1-X X 



or 



so that 



X + X - 1 = 0 



,-i+v5 _ 1 



But/ fron^ th^^ isosceles triangle in (b) we see that ^ = sin . Thus/ 



jT/ = — -CSC ^ and (15) becomes 



(16) 



'A last ^Interesting ptijit concerning ^he Fibonacci sequence involves the 
"golden mean". Now yoii may know thlt a rectangle is said to have 




tile golden proportion if, 
(17) ' 



a b ^ a '^'^ 
a b '-^ 



Letting r- = x then (17) becomes 

. • • ^ 1 + - .= 3« o r X - X - 1 =: 0 ^ 

so that ,x (necessarily positive) is 



.1 



or r 



^1 ; 
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Vhe Fibonacci Sequence is of little mathematical importance In itself. However, 
as has beei? seen, it is pedagogically quite useful in introducing some inter- 
esting inathematical techniques. • ' 



r 
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Answers to Exerciges 3-2 Set B 



What is required^is a simple change^ to take advantage of the fact that 

the last two assignments of box h occur ^again in box 6. The necessary 

^ f 
change .is incorporated in the flow chart for tfie next exercise. 

The statement in' the hint is justified/as follows: If X is the g.c.d. 
ot C an4 D, then there are integers m and n so that C = mX and 
. D"= nX. Moreover, m and n have no facto3rs in common. Thus, • 
m X n X X is the smallest integer, which is ;a multiple of both mX and 
nX. Now, mxnxX = mXx nX/X = C x B/x. ^ 



/ 



/ 



/ 



\ 








f ' 2 


A C 
B <- D • 




' 3 




G 



r AB ^ [B/a] X A 



11 



B <- A 
A* <- r 



X <- 0 
' \ 









' 9 


X <- C 


X d/B 



Solution 'to 
Problem 1 



\ 

- \ 



/ 



Comment ; After functlon'al' procedures' have been studied in "Section 5-3, we 
will1)e able to simplify the flow chart to: ' ^ 




Additional remarks on GCD algo^/it: 



Here we 'present a more difficult algorithm which the teacher may wish to 
use as a project for better students. 

In connection with the Euclidean Algorithm there is an important mathe- 
'mg^tical theorem to the effect that, given non-hegative integers 'A and B, 
there are integers X and ^o that GCD(A,B) = AX + BY. ,The problem of 
finding the values of X and Y involves some mathematical p'Veparation . 
Lettnig a^, a^ be the giVen numbers whose GCD we are to find, we consider 
a sequence ' 



^0^ ^1^ 



where^ for each k > 1, -a^^ is 'the remainder on dividing ^ 2 



The formula r = a - qb becomes 



k-1' 



Vk-1 = Vo-^ V 



^ That* these c^ and* d^ redlly exist can be seen by successive substitution 
and verified inductively... When a^.= GCD(A,B), .then = X and d^ « Y* 
\ ""THeseTait Cj^^*anH""^a^ '^Tri^*the only one^ we*w;Lsh to output. 



1. 



In order to derive the recurrence relation for the^ cj and d. ve write 
out (Ll) for three values of -k. 



\-2 



0 



Substituting tfe first two lines intp the ^hird 



Rearranging terms 



* Thus, 



We now see that only the last two c*s and the last two d's are needed! 
Letting the latest ^ c^^ be* A. and ^he next to last be C2 .{similarly for 
the, d,) we have the *assignments: * \ ♦ 



HonDC CI 
CI C2 - q X CI 
• C2 HOLlX! 



Here q denotes q^^. A complete flow chart is given below. 



PRir 
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4 



I. 

T3 I. 



'flow chart for computing' GOD of A + B.and repcrekent^ing i,:(gj|s 
GCD(A,E) = AX + BY. 



- 0 






f • .0 


r A, 


B 






r ' 1 


CI 0 




Dl <- 1 




C2 <- 1 




D2 <- 0 





I 



"If A is", A, "and' B is", ,B, 
"thqn the greatest common 
'divisor of A-^~nd'!^as" ^ 




• A <-B 
B <- r 
. HOLDC <- CI 
HOLDD <- Dl 
CIV C2 
Dl <- ]^ 
C2. <- HOLDC 
De HOLDD 



q X CI 
q X Dl 




Note: In this' algo- 
rithm we treat B as 
the divisor/ instead 
of A/' This is just 
the reverse of the 
way ve did it in 
Figure 3-14 ♦ 



B, "which can be , 
expressed as", CI, 
"times A plus"', Dl, 
"times B." 
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t Answers to Exercises 3 -2*^ Set C 




(5 



x2,y2 



length ^ 



7(x2-xl)^+(y2-yX)' 



4 ' 



"THE LENGTH 
OF PQ IS", 
lefigth 




['xi,yl>2, 



y2 



xi,yi 

'x2,y2 



C 



x2 = xl 







x2-xl 


'5 




"THE SLOPE 


OF PQ IS", 


s 





"PQ IS ' 

paballel 
to' the 

y-AXIS*' 



1. 



Test . 
Data 



Test 
Data 



Input 
xl/yl, x2, y2 
-3, 2 , 1, 5 

. Input 
xl^ryl, x2, y2 
^ . 2 , 3> 5 
2 ,,5 , 2, 6 



Out gut (box 4') 
The length of PQ is 

Output (boxes or 6) 
'The slope of PQ is -3*0 
PQ is parallel to tjie y-axis 
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Comment on 2 » - ' 

In realistic problems one rarely seeks a check for true equality of tw 
rear numbers (box 3). When the numbers being compared are measured data or 
computed values, some uncertainty is associated wl%h each value. Instead, 
tests like ^ 1 v 



\x2 - x| < EPSILOlP)- 



1^ 

are used, whence epsilpn Is some small value determined by the problem analyst 
or programmer. We shall make^use of these ideas in Chapter ?. 



3^ 




xl,yl,x2,y2 


2 




xl,yl,x2,y2 


3 






1 delx 





delx 



1 ^x2 ^ xl^ » ^delx = 0^ 1. 



10 



s <- 



y2-yl 
x2-xl 



"NO SUCH 
VALUE ■ 
EXISTS" 



"ANY REAL 

number' 

WILL DO" 



dely s^delx 




Test 
Data 

1 

'2 
3 



Input 

xl, y2f, x^, y2 delx 

^, 2/ '3, 5, ^.1 

h, ■ 2, h, 5, - \i 

2.^"'+, "5, .0 
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Result output ( box 7 or 9 or lo ) 

dely =r - .3 ' ' ; 
No such value exists 
Any real nlunber will do 

71 




10 



-(dely = py 



T 



y2-yi 

x2-xl 



delx 


^dely 




s 



■€2 



x2 



3 



delx <- D 



"delx 
delx 



11 



12 



"HO SUCH 




"MY RKAIi 


VAIUE 




JIUMBER, 


EHSTS" 




WILL DO" 













Input 



Test 
Data 


^4 




x2, 


y2, 


dely 


1 ^ 


^, 


2, 


3, 


5, 


0.3 


2 


^, 


5, 


3, 


5, 


0.3 


3 


}, 


2; 




5, 


'0.3 


1^ 


^, 


5, 


3, 


5, 


0.0 



Result jSutput Cboxes 8^ 11, or 12 ) 



delx = -0.1 

No such value exists 

delx = 0.0 

Any real number will do 



T3 




x2-xl . 




6 






Y<r- yl+sx^-xl) 


7 



M,, tJ 

y= ; y 



"NO SUCH 
VAJUE 
EXISTS" 



"ANY. REAL 
NUMBER 
WILL DO" 



Test 
Data 

' 1 

2 

3 



xl, yl, x2, y2,^x 



Result output ( boxes 7, 9, or 10 ) 

y = -7 "'^ 

, Any i;eal number will, do 
No such value exists ^ 



'I • 
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y 

6. 



x2-xl 



X <-xl + 



y-yi 












13 




I- 


r 



r 



^xl = Xg ) 



X <- xl 



10 



Input 





F 


11 




"NO SUCH 




VALUE 




-EXISTS" 





12 



"ANY REAL 
NUMBER 
WILL DO" 



Result oiftput ( "boxes 8^ 11^ or 12 ) 



Test 
Data 


xl, 




x2, 


.y2, 


y 

» 




1 




2, 


3, 


5, 


-ii^.O 


X = 6.0, 


2 


^> 


2, 


3, 


2, 


-)kO 


No such value exists 


3 


^, 


2, 


3, 


2, 


2 


Any real number will 


h 


^, 


2, 




2; 


i^.O 


^No such value exists 
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"PQ DOES 
'NOT INTER- 
SECT X-AXIS" 



10 



"y-INTER- 
CEPT IS", 

yi 




' 2 



xl,yl,x2,y2 



(xl X2^)-^ 



It 


F 




= y2) 


5 


F 


3 ^ y2-yl 


x2-xl 


6 i 




xint ^xl-— 




s 


yipt 


£ — sxxint 


7 1 





"x-IKTERCEPT' 
IS", . V 



xint 



"y-IKTER- 
CEPT IS", 
yint ^' 



11 



"x-INTERCEPT 
IS", xl ' 



12 



"PQ DOES NOT 
INTERSECT 
'y-AXIS" 




Test- 
Data 


Input 




: ' Result output (boxes 9^10 


,or..6,?,or 


xl^'^yl, x2. 


y2 






1 


2, }) 




x-intercept is k,6j 
y-intercept is l4.0 ^ 




2 




5 


X- intercept is h ' 
PQ does not intersect 


y-axis 


3 


2, 3, 


2 


PQ does not intersect 
y-intercept is 2*0 


X-axis ' 



. Test 
Data 



L 1 



2 
3 

k ■ 




^ x2-xl 










xint xl 



xint <- xl ■ 



yint«- ^1-sXxl 



10 



X y$-< 0) 



• -T-I 



"PQ DOES NOT 




"x-INTERCEPT 


INTERSECT 

'the x-ms'^ 




IS", 




xint 



(^xlXx^ < 0^ 



9 ^ 



12 



"y-INTERCEPT 
IS", 

'yint 




"PQ DOES NOT 
INTERSECT , 
*^HE 'y-ms" 




Inpuls 

xi, yl/^ x2, y2 
2, 3, 5 



3, 5 



2, 3,, 5 
-2, 3, 
-2, 5 



Result output ( l3oxes 10,6,8,11,12 ) 

■vv: . , 

PQ does not ix\tersect the x-axip 
PQ does not intersect the y-a:cis 

/ 

x-intercept is -2.0 
y-in*tercept is 2.0 ^ -\ 

PQ 'does not intersect 'the x-axis 
jT-intercept is -^S.Ti ^ * - • 

. x-intercept is 3*71^ 
PQ ^oes not intercept .the y-axis. * 

X- intercept i% k.6 

PQ tdoes not Intercept Lhe y-axis 



Exercises 3-3 



f * » 

Conmienlejljgffl Exercises 1,- 7 



regard this as another exercise set because of the practice to be 
gained' in synthesizing the .flow chart from verbal statements of fairly com- * 
plicated conditionals. As many of these as possible should be worke;d* 
Exercises' like these vouid be ^excellent for tests. They are easy to make up^ 
A minimuiq subse.t to be assigned would be 1, 3, h, 5 or 6, and possibly ?. 
lJumbef 7 should not be assigned unless it is preceded by 4. The companion 
exearcises^ln^the language manual should also be assigned. 



Comment on Exercises o and * 9 ^ 4 ' 

These are the reve^fe^ of ^Exercises 1 through 7« The student is now 
challenged to take a chart of a compound condition and come- up with a 

corresponding geometric region determine^ by one of the two exit^ from^his 
cond4.tion. At ^least one of these exercises should be assigned, and a test 
question of this kind is recommended. *They are easy to invent. 



Answers to Exercises 1-7 of Section 3-5 



T3 



/ ( 2.0 < X y —, \^ 



\_ 



alteliiate ^ol'^tlon 



' 2 





'J > 










, F - 






3 ) 



20, 



3- 



■3.9 < xi 



■ F 




20 
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10. 




xl,j yl 




xl, yl 



> 0 



Xl 



.= 0 



< 0 



3 



< 0 



= 0 



10 



( yl =T) 



7=0 X) 



. < 0 



"P LIES 
ON THE 
Y-AXIS" 



LIES 
ON THE 
X-AXIS" 



15- 



© 



"P IS*^ 
THE / 
ORIGIN" 




Tfest 
Data 



2 
3' 

5 
6 

7 



Inpu-b 
xl, yl 
0, 2, 

0, 0 

1, 0 

:;l 

, 3 
-3 



Result output ( from Wes -^,6^8,9,11,12,13 ) 



A. 



P lies oii tiie^y-axi§ 

P lies on the y-axis 

P is -the origin* 

P lies X)n the x-axis ' 

1 



, 2 

- 3'. 
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■.81 •. 

87 



f4 



11. 

i 







m 


















2 




k <-m + S - [ 


m + 

1+ 


^] Xk 






Comment ' 



Boxes k, 5^ji 6 and 7 can be alternately represented as : ^ 

Illustrating., that aKfour-way brancfi^ 
may b*e decompo^d into three 2 -way" 
branches, (in geiJ^ral, an N^vay 
branch may be deconiposed into a chain 
of N - 1 2-way branches.) 



k.l 



6 



-30 



Test^ 

TVsV o 


Input 
o M 






Output (box 9)- 
I 


N 


1 


21, 165 




/ 


0 






2I+, 169 






-30 




3 


23, 161 






• -20 




k 


27, 188 






50 





This is the second of these problems re:^ated to the carnival wheel. 
The third l>ix)brem occurs in Section 3-5 vhere we show the student how the 
conditional can be avoided^ using a vector jhose four elements comprise the 
scoring rule. " ^ 



-^3- 



The student *s claim is' Correct, (t) is equivalent, simpler and' more 



Ansvers to ExerodLses 3-? Set ^ • " { 



' general. If we presume the data values for P^, P^, P^; and P|^t^' whi-ch 
are input at "box 0 ^re -50, 0, -30, and -20, re6j)ectively, then the 
two flow charts are equivalent. Instead of k' /bein^uised as a te.st , 
value in a conditional "box, it is use'd^as in the subscript expression 

k + 1 ff. 

Thus, if k were 3, ^^j^ ^ "^^^^^ T ^. If for P^^ we had assigned 
-20, ;vjthe 'same yaiue for- P, . t is printed in ("b) as is 'printed for P 
' in'' the corresponding "box 9 of flow chart (a). The same match in values 
print^ed can be _5££iiJLo_hold_for_±he_oj:]iexJ:hree values which pan be 
computed for k. . • 

2* Any 4-way point rule can now be devised using the algorithm in (b) by 
merely repeating the execution of the algorithm with differer^t data' 
values ^or P^, P^, and' P^^. This^^s not true f or Xlow chart (a)'. 

In' order to chagge the point rule we must change the values assigned to • 
? in booces 5> 7 and/or 8. 



Comment 



Flow chart (b) represents a proper use of subscripts in a computer. -In 

the nex^group of exercises we see an example of a poor use of subscripts* 

-3.\ 100 times. * ' " . - 

k. Once for each time a value of b is encountered which is greater than or 
f . . ^ ^ 0 

equal to^ m. It need- not* happen at all, or it can happen a hundred times. 

5_. If box 8 is never executed, then box 10 will be 'executed. If box 8* is 

executed even once., the nj box 10 will not be' executed. ^ In other words, MY 
Is made to behave 'like A two-way switch. When box 7 iSAreached, the value 
of 'MY is tested*. Its v\lu§ is either equal to ^^or to 1, depending 



on ^earlier events, 
not be reset to a 
times box 8 is exe 

Comment ; Switch vafiab 
earlier event has 
li ke the passing 



It i^ set initially to ze»o in box 3 and may or may 
"alue of one in box 8. It ^^akes no difference" how many 
uted after i't happens once^, its -value remainis one/ 

.es are useful for recalling whether or not a certain > 
)ecurred^ In general, whenever a certain event occurs, 
"Train No. 9"> the switch is set to an alternate 



valu'e, say 1, th^s changing jfts initially, chosen /value, ^ow, if ever 
«Kwe need*to ^ow If that cert^Ein event, occur red- -j even or«:e--aJ.l we have to 
do is de-^ermi'ne the current* value of the switch byj tesijing to see if it is 



one or 'zero. 



I i 

/ 



6. No. f.t Is not necessary for more than one value to be in^ memory at any 
one time.^ 

^? 

The modified flow chart, before generalizing to read in n values, 
is/shown below. 

[START J 







i 1 
ANY <-0 




f 2 




^ 


3 









i <- i + 1 



1. < 100 ^ 



•7 





10 


v"NONE" 

















ANY = 




4 



ANY <- 1 



7. '* We '-coul^ r^d the value of n as part of box 2 of 'Figure '3-25. Then, in* 
. I boxes 3 and 6, 'we must replace 100 by ; n. [ * I 



si 

s 



T3 



o. This proTolem will reappear as a procedure in Section 5-5. 




^ > Any more cards? ^ 



rio 



yes 




n, (a^, i = O^lM 





T 


n <- n - 1 




' 5 




Itote: Strictly speaking, box 7 i^ not necessary. That lis, the false exit 

[from box 5 could belled into box 6. When exiting "false" at box 5, n^ -1. 

In this. .event, if we enter box the value ot n would be printed but none 

jof the a*s, because for i = 0, i 'already exceeds n, so^ the set is empty. 
* ! 

We haye separated boxes 6 arid 7 in 'antici^pation of the difficulty which 
we would encounter! in some FORTRMs where usin'g the equivalent "implied DO 
loop notation", the first element is always taken because the test (i '> n) .is 
,\ not made' until after the first item (first transit through the implied loop) 
is printed. ^ — ^ . ^ i ' " * , 
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Her^ is a very simple question question and its^flow chart solution: 

DrawT^.flow c^3rt.^for inputting a set of values, and outputting 
another set "having as its elements tFe absolute values of the elements 
of the input set. » • 

Solution : * ^ 




fn,(a., 1C = l(l)n) 



i <-l 



i <^n 




a. > 0 



b. 6. 

1 . 1 



b^ < — a. 
i 1 



i i + 1 





1 the fetudent could be asked to redo this ffe>v ctert 
of an ite'^"'*"'*^" y^r.-r * ^ 
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Note*: i;n Se.ct 
pulling boxes 2,^3 ai>c/f ^ogether intllan iteration box 
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Answers to Exercises Set B 

1- (a) hj 1 2 , -5 , ^ 
n 



,fb) 



sequence 



10 



11 



12 



i3 



15 



16 



17 



l8 



19 



20 



21 



3^ 



23 



2k 



25 



26 



27 



28 



■29 



. 30 



10 



6^1 



Current 
Value 
of K 



This much of the 
table is given to 
the student. 



Appearance of 
Scratch pad memory for 
the A vector. * 





A 


* 


1 


X X 


-5 


2 


X'X 




3 


A X 


h 


It 


\ 7. 





(g) 32 boxes 

<d). 10 times . ^ 
« 

2. ^ 3 times or N - 1 

3. 13 times 

Comment: ^One popular way to rate/ sorting algorithms is by the number of 

comparisons like box 3 which are required as a function of N. In this 
algorithm the number of co^arisons depends strongly on the initial 
ordering of tHe data ranging from a minimum of N - 1 when the data 
are in perfect order up to a maximum of .N^ + 5N - 6 when data are 
initially in reverse ordei<. ' In Chapter h we show an improvement in the 
algorithm whicK reduces this maximum to N X (N - i)/2. Thus, for 
reverse ordered data we get 

N Number of coriiparlsons 

2 " 2 . • ' 

3 ,' 6 
' .. U .13 

5 / " 2h 



6 46 



ft 



In Chapter h we shall develq^) an algorithm where the number of com- 
parisons is independent of the initial ordering of the data and is 
equal to X l)/2. 



This 'exercise is inspired out <^f the need to have the student focus 
his attention, ^vhile developing an algorithm, on the ques-tion of whether 



subscripted variables are needed. .# Certainly none 
part (a) and (b). At .other time? they def-initelj 
part '(d). » 



are needed in answering 
are needed, as in 



T3 



Answers to Exercises 3-^ Set C 



(a) We'can use.the Sort flow chart of Figure ^-27 to ^solve this problem. 
In 15(51:^2^ could^ specialized to ICl and in box 8 the outpu^ 
could changed to * * • * * 





"MEDIAN IS",A^, 
pi 
















Subscripted variables are essential for<^n internal porting ^algo- 
rithm like the one in Figu3:*fe 3r27. In other words, it is ueCessary 
*to input all the,eges intor a<, vector in memory and t^ien sort* 



(b) The mediian of a set of. N 



nun^rs, 



i\ evfen or odd/'^cjin be defined 



as. the average of two numbers according to this formula: 



MEED 
/ 



If N is 6 



(dd, '\^^^ equal and both would give 



'^j|;'he same value as the .variable we called MID ^ {rrr^ • But, if *N 



N 



is even,^ then - is integral and 



after 



reaches the ne:ct integer 



Using this expression the flow chart can xe rewritten ^ 
START) 




N, {P^, t = 1(1)N} 
1~ 




. V 



■c 




Any more ^ 
orchestras J 



yes 




STOP 



N,(Aj^, K ^ 1(1)N.} 



|F 6 


■K <- K + 1 






■7 



-T— ( g < -N ^ , 





COPY 








Vi 


<- COPY 





F 

8 


MID^ [|] 




■\5 



(mIDX2 .\ y '(even) 



F (odd) 



MAD <- 



12 



mee: 



-I3_ 



"MEDIAN AGE-IB", MEED, 
"YOUNGEST IS"; A^, ,\ 
"OLDEST IS", Ajj 




10 



MAD <-MID + 1 
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r 
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T3 , _ , 

Exercises 3-6 * . , ' ' ^ ' . 

Comment :' These exercised involve simpl'e IpoiDS operating on elements of a row 

or a col'simn of an array. Exercises 2 through 5 ar^e fundamental row \ \ 

k 

ope^rations of matrix algeBra. ^. Working these will be very helpful in • 
understanding some of the> steps in the algorithms described in Section J-5 
(Simultaneous linear equations). ' . . - • . 



Answers to Exercises 3-6 



COLSUM^O 



I ^'1 



COLSUl'l. COLSUM + P. 



(l < 22) 



I <- I + 1 







COL 





NEXT stat: 




1 . 



J ^ 1 



3 ^ V 4. P 



J ^ J + 1 





F 




r ' 5 


NEXT 




STATEMENT 



Alternate solution: 



COLSUM ^ 0 



I'^l 



COLSUM ^-COLSUM + P^' ^ 



If 



I ^ I + 1 



.COLSUM ^ COLSUM^ -^P^2 k 




NEXT STATEMENT, 



-9'8 92 . 



T3 
k. 



' 1; 



copy «- Pj; t 
p^ J <- copy 



• 3 



J*«- J + 1 J < 27 ) 




Mia>fe; 0 



■ 5 



J"«- J,+ 1 



J ^1 



10 

J «-j + 1 




MAX «- P, 



L,J 
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• • ' '''Chapter Tk " 

LOOPING 



•The four sections of this chapter are • ^ . _ 

U-1 * Looping . , 

Illustrative Examples ^ ^ - 

4-3 Table-Look-Up; ^ * \. ' . ■ 

. ^ ^-U" Nested Loops ' \ 

0 _ • V 

Outline of the .Chapter / ^ 

^ i^-1 • The ability to describe repei4^tive events or loops in a convenient 

un^biguous way is one of the most important sldlls in programming. 

• Here students develpp some insight into what loops^are. Although there 

, is no single form which all loops take, there is one kind of loop so 
• " t \ 

.common^ as to merit the development of shorthand techniques for ^escribing 

' 4 

• it. This 19 the main reason for the "iteration box" introduced in this 
^ 'section and employed numerous times thereafter in this text. 



^^^-^2 ^Tfe'is section includes marlSr sriall problems each of which involves a loop 
^Jbest described using an iteramon box. " ' ' 

_4-3 Her$ we 'take up ^ the simple/topic oT table-lool^-up and treat it in de^th. • 
We .look at many, aspects cff this one important prqbldn and bring a number 
pf programming concepts into facus. , V 
^ \ ^ _ > . 

' ^ \A 'We JLntroSuce the nesting of loops or , repetitions . This 'is an all important 
Idea. Repetitions frequently come nol; singly, but in bunches^.and ofteiL 
one within another. Many operations on matrices fall in this category. 
/. So3rtirig does, too.: One of ^the most interesting algorithms in the entire 
^ ^ ' '"text, that of finding^ a, longest morfotope eubtsequence, is described' at the 
^ end of tftiis section. Th^ algorithm suggests the proof of an interest^ing' 
: ^theorem labout* tjie minimum length of a-monotone subsequence. Without first 
f focusing^on. the algoAthm/'it is' Jiard to see how^ the propf ^ould ever 
° ' .suggest" its^l^'. ' 



. Answers to Exercises h-l ' 




2. 



START ' 



•lb 




• 


* 




t 


1 




I 


<- i 


. 50 




I <- 


I +1 








, ID, A, B, C, D 



1. Check values. Let, 1^^ 5. 





Input 




ID 


A' 


^6 


C 


, i ^ 


3 


1^ 


5 


2 ' 
- % 

3 


6 


8 . 
12 


10- 

15' 


It 


12 


16 


.20 


■ 5 


15 


> 20-, 


^' 




Output ^. 

3, ^, 


■ .5, 






8, 


- 10, 


■ 3, 


.9, ' 


12/ 


15, 


' ^, " 


12/ 


16, 


20, 


.^^^ 


15, ■■ 


20, 


25, 






1 




. I <- 1- 


I ^ N 


F 


S <- I+'i 





ID, A, C 



D <- + B^V C^' 



ID', A, B, C/D 



"END OF TABL?'' 

T 



; 9 



7.07 
1^.14 
21.21 
28.28 
^35*35 



/ 




S S +^ NLT 
COPY <r LTEftM 
ITEM ^ LTEpM + NLT 
NLT COPY . 



Comment : 

The computed resuQjts. ar^fe: 



I, 


LTEEM 


S 




1 


2 ■; 


r 

1 




2 


3 ' 


. .2 - 




3 


5 


h 




1+ - 


/3 ' 


7 






13 


12 




6 


21 


20 ' 






etc . 







The , check value I < "5 

output^ 5? '13> 12 



Alternate solution' using subscripts:" 




I ^4. 






I < 62 


I ^I+l 




STOP] 





3 " 














- It 




, Comment : Computed results are: 



I 










^2 




'2 


1 . 




3 


' 2 


5 


i ' 




6 




7 


7 


1-3 


12 


8 


21 


* 20 




•fete/ 





Notice tha-^,LTERM and S differ by 1 for 'all, I ! Or/ in J:he alternate 
solution, F ' and S ' 'differ by 1 for all I. We hope the^ student ^wilf 
find,t*liis to be an interesting discovery. Also notice subscripts are not 
essential in this flow chart, since the first ;^solution does not use them. 



\ 



SUM, ^0 



L <-'l 


L < N 


L <- L+1 




S, .M ■ . 



Sum <- SUM + R 



k+l 



7 



'AFTER", N, "SPINS, YOUR NET WINNINGS 
ABE",. -SUM, "POINTS" . • - ' 




Check values » N = 5 



Input 


s, 


• M 1, 






1, 




216 






2, ■ 


:30, 


126 










' 621 






* ^, 


15, 


261 


- ^* 




"'.5, 


.11) 


612 


« 


) 



ERIC 



, t 



10^ 



98' 



Note orj the * carnlyftl vheel : ' _ ■ • ^ , 

Although we jjave not done so in' this /text, one can proceed *to simulate 
some interesting experiments f(sr discovering game-playing characteristics of 
the wheel. In this exercise we have suggested thai: the ^pins sequence 
be supplie*d as data. . It would he more interesting i/f the computer coul^ oper- 
ate such data in some random fashion by employing a procedure for generating 
random numbers . Si;ch a -procedure would "gene]rate" a -value of m each time it 
is; cal^'ed on. Values of m might be uniformly, distributed over a given range 
or, more realistically, distributed normally over th? same range about some 
mean value pf m which you or youf students fcould vary. Some useful references 
which will suggest algorithms for generating random numbers' are: . ' 

1. Problems , for Computer Solution byF, Gruenberger and £.\Jaffrey, 
John V/iley, I965 . See Problems Ell and*Ell|. 

A Fortran IV Primer by-E. Organicjc, Addison- Wesley, 1966. S^e 
P^Qblem 5 {Simulation of Experiments). , . . 

j ' ' • 

The Language of Computers by G^* Galler, McGraw-Hill^ 1^2. , 

See Section 6.3, "Random Number Generators", - P- 72. 



2. 



• '1 





' r 




N 








2 


PAYROLL <- 0 





= 1-{'1)N) 


. It 


f(R., i 


= l(l)N) 


t 






1 •<-' 1 


i < N 


F 


i <- 







WAGES <- R. XT. 

1 1 



PAYROLL <- PAYROLL +, WA&ES 




PAYROLL 
. ^ 99 



Answers to Exercises h-^ Set A 
1. , * 



1 r.j- 



I 1 


I < N 


I 1+ 1 


1 



COPY P£ 
Qj ^ COPY 




■ 1 . • . 




■ I < N 


1^1+2 



COPY^ 












\- 


COPY 



Immatatial whether N is odd or even. 





1^5 


I ^ N 




I <- 1+ 3 




1 T 




COPY <-.Pj , 
COPY 







1^' 



m)2 N/2 



' I t- 1 




I 1 + 1 








1 — J.I 



An alternartive, though less 
efficient, way of doing it?: 



I <- 1- 


I < [n/2]' 


3; <- I + i 





N02 *- N/2 



I 1 



I I +*1 



I < N02, 



N02 + I 



An alternative, though usually - 
less efficient, way of doing it: 




6.t Perhaps the "cleanest" approach, 
* /logically speaking, is to first 
determine if N, is even or odd and 
then act 'accordingly. ' 





1 1 


N02B < 


- [N/a] 




2 


^ N02B* 


- N/2^ 



T (N EVEN) 



F. (N ODD) 



K ^ N02B + 1' 



■K N02B 



1^-1 


I < 


N02B 


I 1 +1 






T 






5 



h I' 

F 



I N 






I > n-'k+i 

< 

' CI -* 


I I - 1 



Note that I mst be. incremehted negatively 
herfe--tcf do it aoy^t^er'vay would be self / 
' destructive . 



ERIC 



For example^ suppose this flow chairt is used: 



•I<-N-K+l 




I <- i^+i. 







5y virtue 'of destructive read in, the pair of values originally , 
assigned to Pj^.j^^-, and P-^_j^^2 ^® repeated over and overj 

again. *See Fig. 4 '-'I3/ 



4 

\ 




\f\y\j 




N-K. 
f * • * 


15 


t 


-r N-K+-1 
1 


'12 






'13 . 




. N-K+3 


.22 






•19 




N-K+5 








3'* 








\ 












i 

m 









N-K 


. 15 


N-K+1 


12 




13 




12 




!?• 


N-K+5 


12 ; 


N-K+6 


13 . 




-12 




13 ; 




etc.* 


A 

1 





Bef or^fcie • move 



After the^disaster 



ERIC 



8(a) 



(c) 



(b)l ' 



SfJMOJB 0 



• V. 





I (-1 


< 100 


I ^I + l 







-SOMCUB SUMCUB + 



-SUMKEG 0 
SUKBIG 



I ^1 


I < 100 

, • 'X, 


I <-I + l 





SUMCUB ^ SUMCUB + 



SUMIJEX} ^ SUMUEG + P^ 



([P^l >5o)- 



^ F • 



SUJ^BIG ^SUMBIG -f* |P 

— — r — = 



1. 



SUMNEG 0 





f ' 2 


I <-l 


I < 100 


I <- I + l 



SUMNEG ^.SUMNEG + 





1^1 


• 

I < N* 


X ^1+1 



•"1 



3 










< 













W f- 50 



alternatj.vely. 



W f- 5.0 




T <- 0 





2 




I 1 






1^1 + 1 









-(^fP^I < |m'| Ind |P^| >• |T|) 



15. 



I <- 1 


I < N- 


I <- 1+ 1 




' 2. 


T 





T 






T <- 





K«-ll+ 1 



K4-K+1 



K < N 



< 



T < and ^^j^ < M 



JZ 






7 




"NONE" 






J 






STOP 



"NONE" 



/ 




note : we resume the scan 
. down the list 



ERIC 




- a: 



SMALL (- Q. 



■L,l 



2 ■ 





J <^N 


J t J^i 1 




T ^ 

3 






F 

' ■ It' 


SMALL Qt T 




ROW 
BIG ^ 


■ I 

■V 














( 



-^|7 



Answers to Exercises k-2 Set B 

I 

1(a) 




.5 


J ^2' 


^ J < N 


tP ^ J+1 




T 



MJM NUM X (X_ - A) 




Check values . 



Input 




Input 








\ = 3 










r « 


\ = 18 


t 










: . ^='62 


•» 


\ = 62 


• 


-19-.. 




'.^ = -19 




A = 22 K =■ k 




A = 22 




Output ^ — ■ 




Output 




HUM = 90, • 361^ 





HUM = 3j 611^,560 



Kb) 




\ 

. SI 



i ='l(l')N3 



/ NUM «- 1 



J 1 


1 


J ^ J+ i- 

I, T S i 


J < N 



£16 



HZ© 



' 7 



HUM HUM X lXj<' A) 



Check values'. 




ERIC 



'loB 



3(a)' Same as answer to Exercise '3 .S€?ctic)h 



(b). 






1 1 


I^(p.,.i = l(l)ll) 




, 2 


( cv 




3 , 


SUM <r- 0 



y. 





L < 1000 


L ^ L+1 




It 


f S, M 



SUM SUM + P, 



i[ 7 



-^|sum|' > cv ^ 



"ERROR"' 



r — • ' 





8 




CV, SUM 


< 




i9 



i 



STOP 

Check values. ^ 
Input Use data 'cards from Ex. U-l 

'^M S 

'216, 21 ' CV = 5 . Output 5, 6 

' 126, 30 

621, 2k 

261, 15 

-612; 11/ . ^ ' 



Movers to Exercises V-3 Set A J 

The same 2-point f ormiaar f or- h straight line is 



Applying thiSj we have 



* Y - Y 
I ^I-l 



-YINT ^ X (A - V-;) ^ 

- - J. ^ 1-1 



I-; 



and 



y = 




yi = 




y2 = 




xl; = 




y2 = 


h . 


X .= 


A : #^ 



We niay then re^)iace Box 9 of Figure k'22 with 



Y - Y 
I I-l, 



7~7 



/ - 


10 


• A, Y 


INT , 



1 / 



111 



Answer to Ej^prelse h-y Set B ' * 

The new Boxes 13 through 17 are to be ddded as shown: 



( HIGH -•low = 1 )^— ^w^^ ^ 



15 



ik. 



1 


F 


12 ' . 






LOW? > 


A, 






^HIGH 







T <- 


LOW 






* 






. T 


<- HIGH 



17 



"F(";a,") is 
"on the nose 



• 'Answers to .Exercises h-h Set A 
' 1. 





*. 

1 


' BIG 


^ 0 • 




J <- 1 


J < N 















r 


BIG «- 





• 6 



BIG 






LARGE 



ROW 

COL 1 * • 





2 




I < m\ 


I I+i 


T 


' 3 


J *-l 


■ J»< N 





LARGE < P. 



5 



LARGE P. 
ROW • 
COL ^ J 



I.J 




Check values. 
Input , 











Card 1 


2 , 


3 


0 


- '5 






> 

* 


Card^2 


0 


7 


9 










Card, 3 


12 


10 


19 








Card h 


18 


16 


12 


/ 








Oatput 
















LARGE, 


ROW, bOL 







19., 3, 3 



LEAST <-.P^ ^ 
Z TALY <- 



' 2 



I <-l 



I 1+2 



I < M 



J (- 2 


J_< N 


J-«~ J+2 








F 

' 6. 





3 



ZTALY <- ZTALY + 1 



LEAST (- P. 



.{.EAST, ZTALY 



Check values- ^Use cards from Ex. 4-4, 2) 
Input 



Caj-d 1 




3 


0 


Card 2 


^ 0' 


7 


9 


Card 3 


'12 




' 19 


-Card k. 


18 


1$ 


12 



Output \ 

LEAST, ZTALY 
3, 0 



v/ 



12'£)ii4 



I <-2 



I I+l 



I < M 



J 1 


J < N 




J <- J+1 





■ 3 



MIN <- 








ROW f- 


1 



I ir-2 


I < M 


1 



MIN <- P. 



I,J 



ROW <- I 



MIH, ROW, j" 

r 




TEHP P X T 





3 


I <^'2 






I < M 


I I+l 




■ pj- 



J <- 1 


< N 


F 








J <- J+1 











Check values^ 
(Use cards from 

Card 1 
' Card 2 
X:iard 3 
Card h 



■ • r ■ 

ti-Ex. 2). / 




"1 21, 



1^ 
{ 



I* 





1 l' 


* 


SDMI 4- 0 







1^2 


I 


I ^ I+l 


. 1 T 


' 3 


J 4- 1 


J < I 









F . 



SUMl ^ SUMl + P. 



I,J 





I < M 




I V I+l 





J I+l 


J < M 


J 4- J+1 







SUM2 t- SUM2 + P. 



I,J 



Comment on No> 6 ; If the student draws Box 2 as 

'1 . 





I < M 




I I+l 






it is not wrong. No entry for row 1 will 
be taken anyway. When Box 3 is-* executed " 
for th^Tfirst time, J is set to 1 and 
then the test, J < I, is made. Of ' course, 
it will be false because both I and J 
are ' ,We then exit from the inner loop j 
immediately with no execution of Box 



ERIC 



122 



116 



8. 




I *~ 2 




I 


I < ^-1 



LAST 4- P. 



AM ^1 



Searching for Pigs 



Check values- (Use last 3. cards from Ex* k-k, 2) * 











Card 2 


0 


7 


■■■9 


Card's 


,12 


10 


19 


CardV 


18 


16 


12 



M = 3 



' Output 



19 



Input 
M 



Check, values 6 x 



Card 1 


2 


. iTi 


0 


3 


Card^2 


2 


3 


' 2 




Card 3 


"7 


2 


-3 


} 


Card k 


8 


1 




^2 


Card^ 


6 


.5 




1 


Card 6 


k 


-2 




1 


Output , ] 




I 








6 


2 


' ) 


6 




8 


k 


i 


1 




9 


3 


i 






7 


2 


i 






2 


2 




3 



1171 2 3 



. Alternative approaches to solution of Problem 8 



I ^1 



I <r- I+l 



I < J-l 







6 




PIG«— 














I«— I+l 





PIG, I, J 



to •box 2 



ANY <-l 



(b) 



s © 



ERIC 



\ 



J <-M 


J > 2 


J <- J-l ' 



I <-'2 




I ^ I+l 


, I < J 



(^ANY 






i T 10 


!'NONE" 







PIG <r- iP I 
' I-l,j' 




t24 



118 



Answers to Exercises h-h Set B 



!• 8 multiplications each time Box k is executed. 

Box k is executed ^00 times, s*^ the answer is, 8 x 900 or 7200 

3 



times . 



2t Only 9 different value* of ^ H 
'3. Only, 10 different values of T-^> 




1 


H ^ 1 


H < 9 


H ^ H+1 



2 



HCUBE ^ 



' '3 



T <- 0 



T <- T+1 




'I 



TcuBE <- 0?:; 



U 0 


U < 9 


u U+1 




,100 X H + 10 X T + U ='HCUBE + TCUBE + 



H, T, U 



ERIC 



1 or 



* 119 



One could even fur\lier reduce the number of multiplications as' shown 
on the next ^ flow chart. It would be interesting to see how many students 
suggest this further improvement on their ovq. Note that in making these 
changes we add boxes to our flow chart which in computer programming 
means more instructions in the program. 




I <-0 


I < 9 


I I+l 




IT 
. 2 


CUBE^ l3 




^HlOO + Tl-0 = CUBE^ '*''||^^T ^^^^ 



H, T, U 



Multiplications : • 20 + 9 7^ 90 = II9 
(Box 2) (Box h) <Bbx 6) 

vfersus .7200 in the original algorithm. 



7^ 




i 



1 . 



1^0 



I <- i+i 




CUBE^ ^ I- 



. T 


<-0 






T <- 




T < 9 








T 








r u 




U < 9 


U <-U+l 





3 








F 




H < 9 


H <- H+1 










. 6 



—^100'' XH+10XT + U = gjBE^^ + CUBE^ + CdBE^^ 





" T 
' 7 






■H, T 















Multiplications: 20 + 2. X 90Q = 182O versus 7200 ±n'W^:^\,^ 
(Box2) (Bpx 6) - , original flow chaSX 



121 



127 



Solution. The main mathematical point here is the^ triangle Inequality 
that the length of one side of a triangle is less than tll^, sum of the" 
lengths of the other tvo. Let I he* the length of the longest' side of 
a triangle, J the length of the second longest, and K the length of the 
shortest, so that 

,^ -1<K<J<I< 100. ^ ^ " ' 

The triangle inequality yields 

^ * J > 1/2 and K > I - J. y 

We wish to count all triples, I, K, suhject to the above conditions. 
Once • I and J are chosen, K may rua from I + 1 to J, inclus^- 
There are thus J - (I/- J + l) + 1 or— 2J - I triangles' having the giv 
values of I and J'. We sumVthis value first for J between [I/2] + 1 
and then for I between 1 and 100. 




(b) 



" s <- b 








I <- I 


I < 100 


I <r- 1+1 








P <- 0 



d; ^i4-[i/2] 


J < I 


J ^ J + ^ 




S <- S + 2J - I 




I <- 1 


I "^ .lOO 


I <- I+l 







J^-^ l+[l/2] 



J <- J + 1 



-.J < I 







K <- I-J+1 


K < J ; 


K <- K + 1 



3t 



P<-P+I + J + K 



■7.y (c) In the solution of part (b) i^eplace P by S in Box 1, replace the 
condition in Box 2 by "I < 50", the 'condition in Box k by "K < J 
.and I + J + K < 100". Replace the assignment, in Box 5 by "S ^-S+l" 
Replace P ^ in Box 6 by S * * ' 

(d) In the solution part (b), replace the 
" ^ . respectively/ by "I < 5o", and "K < J 



conditions in Boxes 2 and U, 



and I + J + K < 100"^. 



Coimnent c[n the solution to Problem 7 • . 

One drawback to the given problem as an example of a computer problem is 
. that formulas for the solutions can be generated by elementary techniques. 
♦ ThUs^ in part (a)vif we replace 100 by 2M in orde7 to ge^Vieralize we have 
' 2M I ' , 

S = 2 2 (2J-I) 
1=1 J=l + [1/2] • 

2M I 2M I 

; ='2 2 (2J-I) + 2 2 (2J-I) 
1=1 J=l + [1/2] 1=^1 J=l + [1/2] 

i I odd . I even 
I . . 

! ' M 2H-1 M 2H 

= 2 2 (2J - 2H+1) +2 2 ,(2J - 2H) 

. . ' • . H=l J=H H=l J=H+1 

M 

= 2 (2H^ + H) 

— 2 — ^ y (2 M — )^ M(M 1 ) 

M(M+l)(l4M+5) - ' ■ I 

= 5— 

, ..... 
J- whic'h.has the value^ 87,125 foj: '. M = 50 and this is the answer to 'part ,(a) . 
For the other parts we obtain the result by similar but slightly more difficult 
eonputations , In Chapter 5 ^e return to thife problem^ replacing the word 
"distinct" by "dissimilar" (i.e., no two'similar). This slight modification 
yields a problem no more difficult for a machine, "but it is no longer 'so 
'easily accessible by means of deriving a formula. 



ERIC .'. 



■ 'r 



Answer to Exercise U-U Set C 



the student is entirely'correct 5?n both his claims. Students may have , a 
little trouble following Figure"*^-^.'* The trduble spot students may encounter 



,is accepting the concept that 



is a legitimate initialization for Box 2. It is valid and is~ a useful "t3»2^efe?— ^ 
in this particular version of \he algorithm. . ^ 

The algorithm in Figure is equivalent to the'one in Figure ^-32-and^. . 

is more efficient in that unnecessary repetition of the confutation of' MIxbZ I 
avoided. , _ _ ^ . , , • ^ • 

Answers to Exercises h-k Set D 



1.^ 



7. 




I N, (A^, K = r(l)N) 



1: 



K <-l 


K < N 


F 


K ^ K+1 






■ Hi 


( 


* 





T 


COPY 






Vi' .:i 


Vl 


COPY 




130i2if 



Check values. 

Input N = 6 ^ ^ 

h "^2 S \ \ ""6 

U 6 1 3 5 ^2 



(Xitput ' V . . 

1, 2, 3, ^ 5, 6 



I 



2(a) 5 times (3 times^or Box h and 2 times for. Bojc 7)f You Should urge the* 
studen^fcs to trac^-tfRffOtign' Figure k-3h until Ijhey Qan gj/t the C9rrect 
answer for thi^ or f or ^s-ome "other set ot data. Stu^iei(ts who have 
^ difficuiCy should be askecTto review the tracing techniques whiJi they 
used for Exercise 'l(b) Section 3^5 Set B. 

Cb) 3 times (3 times for Box k and none for Box 7) * 

(c) 6 times (3 times for Box k and 3 times for Box 7) 



In general, for N numbers initiaJL'ly ih Reverse order, ^ ^ " 
comparisons are required. This is for the worst case. It is far more 
efficient than the primitive sort for^which N"^ + 5N - 6 comparisons 
were required. In the most favorable case (where the data is already 
completely sorted) both algorithms* require N - 1 comparisons. 



3. Box k ^hould be 



Box 7 'should be 



C 





No other changes are needed. 



h. Claim (a) is correct. This is a perfectly good algorithm for sorting in 
ascending order, (it *s^been called the '*push down" method because the 
first largest number is' pushed down to>ihe bottom of the list, then the 
next largest is pushed down to a point just above the largest, and so 
forth;) ^ ' . ^ ' • 

Claim (b) is false/ The push down rAethod requires ^ ^ ^ ^) c^ompari- 
sons regardless of the initial ordering exhibited by the data. Algorithm 
^"S^^^Q-^^^gt this number of comparisons? only in the, worst case (reverse 
order inpur^ata), ' . fl^ 

I 



Answers ta Exefciai^s h-h Set E 



1. (a) '-Change all B»s to C»s and l^AHIC's to M!aXDEC»s. 
i'd)^ dhange Box h t% read: * 



Either Ay^A^ or Kj > A^. ^ 

'If Aj < A^, then A^^ can "be tacked on the end of the longest monotone 
subsequence ending with A^. Thus, Bj^>. B^. Similarly, if Aj > A^^, 
then C„ > C^. 

* IS. d 

From Problem 2 we see that for each integer I from 1 to N there is 
a corresponding pair ' - ' 

and no two pairs^ are the same. Lef'M "be the length of the longest 
monotone subsequence. Then each *of the B^ and the • ii^less than 
or equai to M. The number of possible different pairs (B^, Cj)^is. < 
th^n M^. Since we have IT such pairs it iSust be that N <'M2 (i.e., 
that U> -M). . 



\ ^2 ^3 h S ^6 ^ ' ^8 



9 

789 ^^5612-^3^' 

indicates how we may, for any value of N, construct sequences having 
no monotone subsequences of length as great as 1 + v5j. Thus, we 
cannot increase the lower bound of M for the length of the largest 
monotone subsequence. . . - 

The job of finding a maximum subsequence consists of carrying out these 
twc/ steps. ^ * 

(l*) Search backwards from Bj^ looking for the first va^ue, which 

is equal to MAXINC. The corresponding value of A^^ 'is the head 

of subsequence. Print out this value , A^^. 

(2) Now resume the backward search of the H*s for^the first one whose 
value is one less than that of the previous Bj^ and print the value 
of the corresponding element in the A vector. 
? Repeat the process of searching backwards for successively smaller 



yalues of Bj^, printing out - the Corresponding value of A^^. The last 
value of A to be printed \d.ll be the one for which the value £>f B„ 
is *one" Here is the flow chart. , , 






I > 1 


I i-i 


13 



20 



."ERROR" 



I STOP ] 




V find and print the 



-^-^ = MAXINC 







T 






14 






HEAD" 









"h^ad" 




L <- L -'1 


18 , 






19 









Sample Test Questions 



The follQwing (Questions do not constitute a test. They are offerfed to the 
teacher as J^ypical or appropri^it^ sample test items 1 In some cases a sVngle 
item ^uld be e-nougi?* for one test. The chapter designation ,on a question means 
that the iteM can be us^d any time after the completion of the indicated ^chapter. 

• \ 4 - 

1. (Chapter 2) Given the length (a, b, and c)-* of the three sides of %\ 
^triangle, the area can be determined by Heron's formula: \ 



where 



Area = ■/s(s - a)(s - b)(s - c) 



aV b + c 



\ 



Draw a flow cl>art which will compute M such areas for given lengths of 
the sides and then st6p. Assume you have M data cards, eaph containing 
three positive numbers representing thp sides of one triangle. Each line" 
of output should contain the count, N, the three lengths, and the area. 



Solutioa.: 



ERLC 




Area ^ -/sx( s-a)x( s-b )x( s-c ) 



* 6 



N, a, b, c, Area 



(L=3>t 



F 8 



N-^N + 1 



122 




2. (Chapter 3) * J . . ' . - . , 

A surveyor measures the sides and angles (in degrees)* of a quadrilateral 



>as shown on the figure below* Construct a flow chart to. decide whether 



the ^quadrilateral is: ^ 
!• , a square; 

.2'.^ a rectangle ^Cbut not a square); 

3. 4 rhombus (-but not a square or 
^ ^ a ret:tangle); 

\\ & parallelogram (but not ^ 1/ 

. ^ ^2, or 3); 

5' a trapezoid (but not a 1,-2, 
3, or'k); 

6f none^pf these. ' > 




Output an appropriate ^messag'e in. each gase . 
Solution: • - . ^ ^ • 



i 




r fl 


V 

1 






2 F 



3 

(b^366-(a+b+c )} *^ 



T' 
1^ 



J_X F 



j ^b.c=l80-)-^ 
' ;p- (a+b=l8o) 




• 130 , 
135 



3. (Chapter 3 or Ci^pte^g.^ * . * 

a. Draw a flow chart for computing the sum of the 'reciprocals of the 
first 5CXX) positive itftegers. 

"b*. to this flow chart a mechanism for printing out the number of 

terms used \fhen the sum first exceeds 1,^'first exceeds 2, etc. 



Solution ; (If - given following Chapter* 3) 
(a) (b) 





N<-N+l 



(s7k> 



K':*-K+l 



N^-1 
K*-l 



n 




1 
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(Note to teacher: If given following Chapter k, iteration* boxes would 
he used as shown helow. ) . t 



(a) ; 




n^l 



n^-n+1 



n < 5000 



F " 



S^S + i 
n 







1 

2 




Ni^l 


N < 5000 


F 


N-«-N+l 





-f=2 



•n 



J. 



K + 1 



h. (Chapter k) ^ . ^ 

Most of us often have to "make change". The problem is to draw a 
flow chart for making change in the fewest number of bills and coins. 
You should output the names of the bills and coins actually appearing in 
the change together vith the number of each. Then loop back to make change 
for the -next transaction. We have started j-ou^off in the p^tial flow 
chart below, tonplete it and answer the questions below. 

[start] 



o : 
ERlCi 



a. 
c. 



1 1 




"HQNBREBS" 


NAME^*— 


"FIFTIES" 


NAME^— - 
NAlte^— - 


"TWErJTIES" 
"TENS" 


NAME^-«— 
NAMEg^ 


"FIVES" . 
"ONES" 


NAME^^ 


"HALVES" 


NAMEg*— 


"QUARTERS" 


NAME^^ 


"DIMES" 


NAME^Q^ 


"NICKELS" 


NAME^^^ 


"PENNIES" 





10000 




5000 




2000 


\- 


1000 




500 


^- 


' 100 


"i- 


50, 


h*- 


25 , 


\- 


10 




5 : 




. 1 ' 




Explain the connection betwe'en 1<AME„' and . ' ^ 

V 1. i ' . ^ • 

Why is. PAID - PRICE multiplied by 100 in Box 5 ? ■ 

In what form should the data referred to in Sox 3 be input? Give 



an example I 

4 



l33 
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Solutions The students' contribuJfcion consists of Boxes 10 - ik and' 
their conneqt»ions • 








"HUNDREDS" 












"TWENTIES" 
"TENS" ^ 


5 




"FIVES" 




"ONES" 


NMEg 




"HALVES", 
"QUARTERS" 


NME 




"DIMES" 




"NICKELS" 


' NME^^-^ 


'•'PENNIES" 





i*-l 


i < 11 










T 








=^ 0 













* 12 




R — R 





Ik 



NAME., Q 



, a) A. is th$ ,6quivalent.in pennies of the coin or bill called NAME. . ** 

b) To convert the change into pennies. 

" c) In dollar and cents! e.g., fRICE = 3*^9; tPAID = 10.00. 

[Note to teacher: Box XI co\iid be eliminated entirely or it could be put in 
after Box l4. Including this test increases the efficiency of the algorithm.^ 



> ; 
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(Chapter k) 

For the accompanying flow char€: , - 

-i) Describe in your own words the values which J will successively 
be assigned in Box k. 

* 

ii) Note that for each odd number j, A, is initialized with the value 
j in Box 3. Supposing that we leave Box 6 with having a par- 
^ ticuLar value^ for what values of i will be crossed out (i.e., 

set egual to zero) in the ensuing loop through Boxes 7 and 8 ? 

iii) 'Describe in terms of "crossed out" the circumstances under which we 
leave Box 5 by the T exit. ^ 

iv) Give the first 7 output values. Use'scratch paper if nec^fesaiy. 

v) Describe what the algorithm is doing, in your own words. 




* 2 






J<1000 




i'*-J+2 





|<1000 


j — 1+2 


T 


.0) 




,F 6- 




k*- 3 






0<j C-OOO 
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i will be assigned auccessively the odd nuinbers starting with 3, 

1. e., 3, 5, Tj etc. As long as these values are < 1000, the T 
exit is taken to Box 5. The last> value\f or which this happer^s is 

j = 999- The next time j = 1001 and X< 1000 - is false, so the 
F exit is taken. i ^ 

All the odd multiples of j less than a^ thousand will be crossed 
out, i.e., 3-x 0, 5*X 7 X 0, etc. 

if A = 0, then it has been "crossed out" and is not a cai^^^e to 
be output. Any odd number which can be "reached" as an odd multiple 
of a smaller odd number will get "crossed out". We will leave Box 5 
by the F- exit only^yhen j is a prime. (Since there are no even 
primes greater than 2, none are missed by excluding even numbers 
from consideratiojl. ) 

2, 3, 5, 7,, 11, 13, 17. 

The algoritlim is generating the primes less th^^oneUhousand. 
In Box 1,"2" is output as a special case, the only even prime. Then 
^a-loop assigns the odd nuinbers as the components of a vector with the 
same subscripts, A^*— J. Then the components are tested one at a 
time starting with 3. If the component is not zero, then it is a 
prime. Not only is a prime output in Box 6, but all„its odd mul- 
tiples are crossed out beeause they are composite- nuinbers . . Since the 
even multiples of odd numbers; are even, and hence composite, only odd 
multiples need be considered in Boxes 7 and 8* 



(Chapter k) ' 

ConstiMct one flow chart to do all the following: 

1. read in a number /n; ^ 

2. read in an array A which has N -components; 
3» compute MAX, the largest of the .components; 

compute MEAN, the arithmetic mean of the numbers X.; 
5. compute the standard deviation SIGMA of the set of numbers^ A, ; 



i 



6. Write- MAX, MS^j 





(a^^mean) 




\ • 
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Solution: 



START 





1 


/ 

N 




2 


\a^, i=l(l)N| 




' 3 






i 2 


i<n 


i+1 



SUM^ 0 



,8 





i*- 1 


i<n 


> 




i*-i+l 





SUM-*- SUM + 



mean<-sum/n 






1 11 






SUM-^O 





SUM*- SUM + (A^ - MSAN)^ 





12 










F 




i*-i+l 


Ik 



sigma^^qrt(sum/n) 




*^ . ( STOP 
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Chapter T5 
FUNCTIONS AND PROCEDURES 



Overview 



One use the same sequence of boxes in several unrelated parts of 
one flow chart (or several flow charts), by writing a reference flov chart 
once, and referring back to it in the several places. Section 5-1 explains 
what these reference flow charts are and how to prepare, th^m. «* ' 

Section 5-2 is a review discussion 'of the function concept from a' ^ 
mathematical point of view followed by remarks on the function concept in 
computing . . x,t 

Two slightly different types of reference flow charts are possible. 
JThe first is called a functional reference flow chart because the end re- 
sult is the computation of a single. value, ^ust as in applying a function, 
a*si«igle value resulted. *This type of flow chart is described in Section 
5-3. ^ ' - 

to , ♦ - 

♦ * 

The second type of reference flow chart is more general and is called 
a procedure/ Section 5-lf explains the convention we will use for procedures.* 

^ Section 5-5 explains how to include alternate exits in procedures* A pro- 
cedure can al^o be used to make complicated comparisons or evaluations for * 
use* as branching cri1:eria. -^Section 5-5 showS^y to do this. ' 

The last section of the chapter,^ 5-6, develops several procedures using 
character strings^ These hav^-Idoia^J^Ig^OI^tibee^ They- 111^ one 
procedure can use another and f hus ilh'ow^^the^^U^flding block property of 
procedures^ Secondly the procedures ^mselves vjy.1 be used again in 
Chapter ^ . 



I 
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5-1 Reference Flov Charts 



Th^ point x)f this section is to introduce the idea of producing flow 
charts that may be referred to many] times from the same point or from many 
different points in another flow cWart. Newton*s algorithm for the square 
root is used* as a means of bringing up this idea with the associated fCow 
chart conventions. 111 



Of course, the square root of A is a solution of 



f(x) 



A = 0. 



In calculus the student will learn that f (x) can be approximated near x = 
by a series : • ^ --^ " 

f (x) = f (x^) + - ^o^^'^'^o^ l^"" ■ ""o^^ ^"^v 

where ^''(Xq) is the derivative of the expression f(x) evaluated when^ ^^"^o* 
If we take only this first (linear) term as a suitable approximation. 



A 



»2 



A + (j 



If" x^ represents our first guess at the square root of A, the x \ determined 
by setting the above approximation, to zero would be closer to the square root 
of A. Then: ^ • 



(x 



2 , 
2x^ 



2 2*^ \ ' 

2x^ - x^ + A T . 
0 0 1/ . A V 

The same argument for f (x) = x^ - A or f (x) = x - A produces the formulas 
for Exercises 5-1 i^i this section and Prqblem 6 in Exercises 5-3, Set A. 

'Now, what we are really doing by saying that f(x) 3 fix^) + (x - x^)f*{x^) 

f(x^)+(x-x^)f '(xj , . approximate the graph of f(x) by 

a straight line with slope f'Cx^) and 
touching the graph of f (x) at x = x^. 
Then the root of the line (its inter- 
section with the x-axis) is an approx- 
imation to the root of f(x). Newt6n's 
Vethod is discussed in more detail in- 
Section T7-1 in connection with the pro- 
cedure ZERO. * 
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Answers to Exercises Set A 

. Disc\lsslon ' ^ 

It is important that the student develop the habit of recognizing and 
repairing all "loopholes" in his flow charts. He should not just assume that 
input data will be reasonable; this is especially important for a function or 
procedure since not only, is it to' be used with many different programs, but 
^ also the input data may itself be generated within the main program. He must 
be alert to the possibility of dividing ^by zero or taking the square root of a 
negative quantity. In this exercises and later ones, possible sources of error 



should be pointed out "to him if"'he has not' already seen" them. Then a more for- 
mal discussion of alternate (error) exits will be given in Section 5-^5. 

Sblutions 




3. (b) 






r. 1 


2 


/ 

<^ Aj 3^ C 






liRGST «-'MAX(A,B,C) 




3 




IiRGST 


9 








h» Here as an error indication we set Q eq.ual to zero if the paint is on 
a. coordinate axis. 



Q <- 1 



QUAD(X,y) 




'\ -1=0' 



> 0/ ■ — \ < 0 



= 0 



to \ 



/ {81 



Q <-2 



Q «-3 




Defining "dist to "be the distance "between centers,* we have 



for dist =: 0, concentric circles with 



infinite points of inter- 
section for Rl = R2 

0 points of intersection 
for Rl R2 / . 



for i^st = Rl + R2, 1' point of intersection 




for dist = |R1 - R2|, a point of intersection 




for aist > Rl + R2, 0 points of intersection 

- Oo 

for dist < |r1^R2|, 0 "points of intersection 




for |R1 - R2| < dist < Rl + R^, 2 points of intersection 




Also, we must check the data to make certain Rl and R2 are positive;, 
an error is indicated "by INT = -1. Concurrent circles are indicated 
by INT> 100. { 
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/I 






2 


i <-l 


i < io 


i <- i+1 



(^|g - h[ < .0001)- 



(n-1) g + h 



6 ^ 




•V, 



Ck>inment : 



Here h 1^'used di^tferently^ than in Figure 5-7^. We have»let- i 
h designate th^^^other end of the interval in which the root 
is known to be bracketed. Thus, if th6' test is, passed' in box h, 
ve know that the root is within .0001 of g. 
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; 7. We use this proM/sm to emphasize two points. 

(1) There are always alternate solutions and generally various advantages 
and disadvantages to be balanced before anyone can say which is better. 

(2) Our general approach ife to build up a set of tools (subroutines) and. 
use them widely. Problem 7(b)^ illustrates a cas^e .where we are better 
off not using a subroutine that is already available. 

(a) . _ IRATE(n,R,L) 




•PAY <- L 

RATE <- .01 X R 



i <- 1 




i'<- i+1 


i < n 



PAY <- PAY' X (1 + rate) 




\ 



alternate solution: 

— i 



IRATE(n,R,L) 




J 



Comment: The alternate solution looks^'much simplSiv but n + 1' multiplica- 



tions are still needed!. 
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b) 



SWITCH ^ Q 
X <^ 100 



i 1 



i i + i 



i </3^ 



X X X 1.01 
Y Y + 1.125 



c 



X > Y 



y 



(^SWITCH =T^ 



MONTH 



SWITCH ^1 
MONTH «- i 



12 



10 



10 
STOP] 




o3 



7,# (b) AlteiT^e solution: • 






;i <-l 


i < 36 


9 -1 


i i+1 


— ^ 





X <- IRATE(i,l ,100 ) 
Y <- Y + 1I125 



MONTH 



SWITCH <-l 
MQWTH <-i 



1, -Y, X 



XO 
I STOP 1 



Comment; ^ This is considfered an undesirable sqlution because IRATE i% 
call^ 36 times/ each .time taking I'onger to^ compute, 
^ (^"tal^number of parses through box 3. of H^JB flow chart is' 
= 665 as compared with.^ 36'- passes' through box 3 of 



/36 > 37 



the first solution.) 



' ' T5 

7.' (c) 



'For company X ^ • ' y 

/ 200 =100 X (1.01)^ 
2 = 1-01^ 

iog2 = n X log 1.01 
log2_ ; 
. log 1.01 r 

more precisely 

NX ^ ROainXJP(n) = RO(JHIUP(log 2/log l.pi) 
= -[-log2/log 1.01] 

For company Y - " ^ 

200 = 100 + 1.125 X n I 




100 = 1,125 X n 

- ^QQ 

^ " 1.125 



^ J NY = ROLJinXJP(n) = 100/l.l25]! 

Altemal^e soluti*on for NX (no'i requiring logarithms y : 




Xf-100 * 

3d 

NX 4^.1 ff 



X f-X X l.Ql* 



v 



r 



5 



( X > goo } — ^ 



NX, X 



NX ^NX + 1 



Answers to Exercises 5-3 Set B 
1. 



4 



r 

B <- A 
A <- r 




We replace tox 1 with the furinel^ Tdox 7 with the return tox and omit tox 2 
entirely > It's unnecessary for a functional reference, flow chart. 



2. 




X ir- GCD( A,B) 
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"3. . (a) (See remarks' in the TC in Section k-k, Set B, Problem 7.) 






. H 












I <- 1 


I < 100 




I 








K <- J + 1 

>*. 


i<j 


+ 1 


- 1 


IT 

— T^jij^ 


Hgcp(i.j.k) = 1 ) 


> : e. £ 


6 


S <-S + 1 



Mr 



} 



(b) Replace box 6 vi-th 



1 



S S^trf. I + J + Ic 



y 
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We give a ^low (ihart for the solution and then provide ,some discussion - 

(start) 




1^1 


I < 1000 


I I+l 




CUBRj. 






J ^1 ^ 




J J + 1 


J. < I 



-^T <- CUBEL + CraE, 



TEST < 10- 



K ^ I - 1 



MHZ)- • 



-III: — ^Vi^u^g^cf CLJBEj^ + gJBE^^ 



= TEST 



GCF(J,K^L) = l} - 



< TEST 
10 



> a?EST 

11 




* 

discussion: Box 2 together with box 1 shows us that storage locations 
wil^ be needed for all perfect -cubes between 1"^ ^"^nd 1000"^, -that's 1000 
in all. The only other storage loc&tiojis needed will be those for the var- 
iables I, J, TEST, K and L^We also need the reference flow, chart fof 
GCF (box 9) . The nuinlj)er of passages through box 7 is approximately 10^/6 and 
the total number of ai*ithmetic operations will be on the order of 2-10^, a 
formidable number! Tllese larfee^jstorage and time demands may be scaled down by 
replacing 10^ in thj statement of the problem by 10^. Then only 100 stor- 
age locations for cubaa will be needed and the number of passes, through box 7 
will be reduced to IG) /6 and the number of arithmetic operations to" 2-10^. 



Moreover, word length 



.9 



requirements will be reduced from 8 decimal digits to 



5. The only changes in the flow chart will be replacing 1000 in box 1 to 



6 



100 and 10^ in box 5 to 10 . 

An interesting feature of.ljhe flow cha% is that not all the 10^ numbers 
Trom 1 to 10 are tested to determine whether they meet the conditions of 
the problem, but only those (TEST in. box h^) which already are known to be the 
sum of ' two cubes in at least one way. They are approximately 10^/2 in 
number. We ai*e looking for integers I, J, K and L' so that 

where I **is th©^ largest of these four numbers and K the second, largest'^ 
whence it follows that " is the smallest and L the second smallest. These 
observations ^re reflected in bo:xes 6 'and. 7 and in the test in box 3. 

The "see-saw'^ technique Jlijsplaii^d in, boxes X0,11 and 13 will be appTec^ 
iated afl5er careful study. (If J"^ + L-^ is too snlall, increase L, but if . 
too large, decrease L.) Jox 9"eliiiiinates proportional combinations. If Jhree 
of the numbers I, -J, K and L have a common factor, then the fourth must 
also have this factor since I"^ + J"^ = TEST = + L^. 

The modificatione^rrequired to find the numbers which are the sums of two ^ 
squares (or^fourth powjers or fifth powers) in two different ways are trivial. 
But, in the case of squares, the limits must be scaled down to avoi-d the use 
of tons, of paper . 

Hooking box 12 into box I3 instead of box 3 assures that if any numbers . 
can be expressed as the sum of cubes, in more than two ways, we will find this 
out- 
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Ansvers to Exercises ^-^k Set A ^ 

, Discussion ; A reasonable .selection tould be problems 1, 3 and k with the 
corresponding problems in the language text. On considering problem 5^ you 
might vlsh to assign only parts (a) and (b).; (c) is a rather, tricky challenge 
for the better student. 
^ s^ABSOL(X,absx)^ 








absx 


X 



2. (a) 



cxadd(al,bl,a2,b2,a,b) 



(c) 




cximilt(al,bl,a2,b2,a,b) 



(b) 



(d) 




cxsubt(al,bl,a2,b2/a,b) 




cxdiv(al,bl,a2,b2,a,b) 




denom <- a2 X a2 + b2 X b2 
a <- (alxa2 +bl>to2)7denom 
b.<-- (a2>4)l.- al>to2)/denom 




T5, 

2.: (e) 



^ a0.,bl,a2,b2,oper 




2 



EXECUTE 
cxadd(al,bl,a2,b2,a,b) 




0 



EXECUTE 

cxsubt(al,bl,a2,b2,a,b) 



' 6 
oper = 32 , 



EXECUTE 
cxinult(al»bl,a2,b2,a,b)| 



EXECUTE' 



cxdlv(al,bl,^a2,b2,a,b) 



a b-"iM 



SdRT2(K^ A, B, ERROR) 




Era^OR^ 0 pL^K <.0}^ ERRORf^' 



i <-l 


i <K 





3 




If ERROR = 1 then K < 0. A normal 
exit is indicated by . E3?i^op^= 



CoTTTmf=>qj; ; In this problem 'solu- 
tlon- and in the three parts of ' 
Problem 5 in the .same set we 
have used for brevity a differ- 
ent notation for treating vec- 
tors in the funnels of pro- 
tcedures. For the 'student you 
n^d best write: ^ 



COPY A^ 

A. ^A. \ 
i i t 1 

. A^ COPY 

COPY *- B r 



B^ 



i+1 



i + 1 
COPY 



S0RT2(K,(A^, i = 1(i)K), 

{B^, i ^ 1(1^)K}, error). 



Or, alternately^ the student might Jise the more efficient shuttle -interchange 
method of Figure i*-3lf to sort vector A» 
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(a) A negative value of COUNTFAC (b) 
indicates N < 0- 



^0UNT(N,C0U3m'AC) 

(startI 




COUNTFAC <- 0 
BOUND ^ >^ ' 





d 




K < BOUND 





- (n = kx[n7k]) 



COUNTFAC <- COU*N*FAC + 2 




N <-l 


N < 1000 






11. 


EXECUTE 
COUNT(N,FAC) 




FAC = 3 ) 




STOP] 



COUyro-AC COUMTFAC ^- 1 j -" ^ j^e algorithm ia very inetficient 

because we must count all the factors 
of eac^J^uiaber < 1000, „whereas as soon 
as wi^ know that a numbeiThas more than 
^ two factors we know it is not. a prime* 



/ 
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5. (a) Let ,n 4- -1 indicate 



number < 0. 



^v^^mmm.xiy part*)' 







P 

r 2 


n <-l 
PARTS-,^ <- 1 








■» ^M}MBKR=K X [MJMBER/K]) 



n <- n + 2 






PARTS , Vk 






PARTS <- NUMBER/K 












PARTS - = PARTS A 







.11 



nVn -*1 



I <-l 


X 

I < 500 

4 


I <- I+l 




EXECUTE 
i[iIQUOT(l,n,A) 




, 3 



11. 

• ( STOP 1 




SUM <- 0 




J <-l 


J < n 


J <^J+1 



6 - 



SUM <- SUM + A, 



{l sum) 



T 8 



•1 .\- 



rfemark: See comment on Problem 3. 



5. (c) Let B be an array. is the sump^sthe aliquot parts for the 

number i. 








I I+l 


r < 500 



21 



12 



EXECUTE 




ALIQUOT(l,n,A) 




f '6 



F k 



"n STOP' 



-11 



"impossible" 



SUM *- 0 



J «-l 


J < n 




J J+1 





El 



I— SUM «- SUM + A, 



SUM 



7 



T~ 8 

SUM < I ^ 

- 9 



10 




^ Answers to Eyercises -SetrB 

> . • • • ' ' y 

" !• LEAST" 

(n/ {A^,i=l(l)fi}X , 



2. 




SUBLEASf *. ■ 
(n, {A,,i=l(l)n)) 






i <-l 


i < n 


i + 3y 





2^ 



CIHl> 



* 5 




S <- 
K <- i' 



ERIC 



MARKS 
(n,{A.,i=l(l)n},S,K) 




i <-l * 




i i + 1 


i < ^ 



5 

I RETURN) 




■ ( 



A^ > J g 



' S^<- A 
K <- i 

nrr 



1 ^ 



The effect of MARKS cannot 
be achieved with a functional 
reference because two values j 
S and must JJe determined by 
the procedure • A f unptionaT ref- 
erence can only return , 1 value"» 



l60 

li)5 



,^^ent: The three exercises in Set'B can be used th clarify a point that 
is often confusing. That is, when to use a function and vhen to use a procedure 
The general answer i^i If there is onev value to be calculated, use a function; 
if mor^ than one value has to be calculated, you must use a procedure. 

.Since procedures are more general (any function can be written as a pro-' 
cedure), vtiy J^ve two kinds of ref^rfence methods?. Why not always use proced- 
ures ( Fecaus^^^ctions, yielding just one value, can be used in arithmetic 
expressions but ^^ocedures cannot. The added generality of procedures means 
that programs to carry out procedures must take account of "WJemost general 
case. ^ 

The f ollowitt^: .diagram for the simple operation of squaring can be helpful 
in comparing functional references and procedures in class discussion. 



/ / Functional Reference •'•I 



Procedures 




Compute T ^ A + B 



C ♦ 



I 



'-fv^ 



T «- SQR(A^- SQR(B) 
- - SQR(5!) ' 



T 



EXECUTE 
SQRZ(A,TA) 





B, C 






EXECUTE 


SQRl(A) . 



EXECUTE 



SQRZ;(B,TB) 



I 



cas^ a 



EXECUTE 

! SQRZ;(C,TC) 



EXEdjTB^ 
SQRl(B) 



•TA 



17 



TC 



EXECUTE 
SQRl('C) 

T- 



T <- A + B - C 



case b 



ca^e^-c 



,^ Conqparing a functional refereiice with procedures which can accomplish a 
similar actiori* <> ' ^ ' ^ 
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Ans vers to* Exercises g-l; Set C 
1. 



DEGREE 
n,{a,,i=0(l')n}/y 






T 

1 2 


n <- n - 1 




' 3 - 




2. ^ 



SIMPLIFY • 
n,(a^,i=0(l)n1 




1 



J 



i = 1 




i <- i + 1 


i < n 







i <- 1 •+ 1 


i < n 



a. 




r 



Protilems 3 and h of this section are very difficvilt. The teacher may wish 

to assign them as a project for the student to work on alone or in groups. The 

students may SP^nd weeks on these problems* Hints could be given from t^e to 

time if "the students get stuck. The problem material is rather sparse in^ 
t^^ . < . ' 

Chapters 6 and 7 so that such a project would give the student something to 

work on during the period in which these chapters are taken^up in class. ^ 

Problem k users problem 3 and both use problems 2 and 1. In addition, both 

problems 3 and k involve other flow Qharts developed in this and earlier ^ 

chapters. , R£lXJCMOD(n,m, ' * 'i 

(a^,i=0(l)n) ^ 

' Jb,,i=ori)m)h 




, 1 


'3 


i 1 


i^< n 


i ^ i + 1 










EXECUTE' 

DEGREE n, (a., i 


= .0(l)n)f 




♦ 


9- 




EXECUTE 

SIMPLIFY n, {a^, 


i = O(l)n) 



ERIC 
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Discussion : REEUCEMOD has as its purpose the computation of the remainder 

is ^divided by b(x) = b x + ... 



when a(x) x^,+ a ,x 
n n-i 



It is siflQ)ly the division algorithm for polynomials, 

The division theorem far polynomials tells us 'that for any tvo polynomials 
a(x) = a^x^ + ... + a^x + a^* and b(x) = b^x^ + . . . + b^x + b^ (where not all 
coefficients of b(x) are zero) there are uniquely determined polynomials 
q(x) and r(x) so^that . " . ] 

(1) • ' a(x) = q(x) • b(x) + r(x). 

If degree a(x) < degree b(x), then q(x) = 0 and r{x) = a(x). 

The division algorithm enables us to compute q(x) and r(x) by an 



iterative process. We illustrate by letting a(x) 



h 3 
2x + 2x^ 



3x + 7x + 2 



and b(xl-===-5x §x-i-^. The first step in the .division is shown below. 



3x - 5x -f 1 



3 



"5 3 2 ' 

2x + 2x-^ - 3x • + 7x +'2 

2x^ - fx\ ix' 

^ ¥x3.^x^. 7x . 2. 



Note that' ve have subtj^acted |x^ ; b(x) from a(x). The next step amounts 



to repeating the process with the same b(x) but with a(x) replaced by 

This observation will be reflected in our flow chart, 



16 3 11 2 ^ 
— x*^ - + 7x + 2 



2 2- ■ 
We |ee that -x has for its coefficient JSi^/\ and for its degree, n 

We could conceive of ^ "generalized flow chart" component suph as 

-4 



i(x) ^ a(x) ajh^ X b(x) 



n n - r 



The above process has one great drawback^ for computing purposes. ^The 

drawback l^es in the appearance of fractions among, the coefficients. The 

^ffecf of \th4s is .that our answer will be annihilated by round-off. This 

difficuliy can be handled by multiplying 'by the constant b , or better, by 

• III ' 

V^P^^n'^^' '^^c.h is 3 in this case. Applied to the preceding example 
this would giye:^ ^^^^ * 



3x'' - ^x -fM 



6776? 



9x + 21x + 6 

2 



"eric 



6x - IQgP + 2x 

16x3 .llx^ + 21x + 6. 
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The net effeet of multiplying a(x) by this integer constant is, to multiply 
a(x) and r(x) by th^- sanTe integer constant (see (l))^ 

4 As mentioned in the statement of the problem, multiplication of our poly- 
nomials by rational numbers wiltl not affect divisibility properties. 

.Ifow we show the work without the poj/ers of x being written down (i.e., 
in synthetic form) » - 

- 3 -5 1 I" ? 5 19 21 r (i) 
- & *10 2 (ii) 

,0 1^ -11. 21 6 (iii) 

If we let C'= \ACD(a^,b^) 'and D = a^ACD(a^,b^) , then on line (1) we see ^ 
the coefficients of C • a(x), on line (ii) the coefficients of D • b(x) and 
on (iii>.the coefficients of C • a(x) - Dx"A(x). In order, from left to 
right, these coefficients are ' 

; . - 

C • a^ , - D • b^ , i ^ 0,1, ...•m ' 
n-i m-i ' ' ^ 

(2) * fallowed by ^ ' 

C • a^_. i = m + l,...,n. 

Now we' fix our attention on the flow .chart for problem 3 . 

In box 2 we 'Compute the C ^ and O' described above. In boxes 3 through 
6 we compute the coefficients of the new .a(x) as described in (2). 

4 

One trick should be noted to avoid confusion! Since the leading coef- 
ficfients have been made equal by the choice. of C and D, the leading coef- 
ficient of the new a(x) will-be zero. Khowing this ' we do not compifte it in' 
box 5 but, rather, leave a^ as it is. But then we i*educe the value of n by . 
1 in box 9 so iyhat the erroneous value is eliminated from further considera- 
tion. This technique is mildly interestiilg and can be used in other places 
and, in fact, is*used in Chapte!* 7 in the section on solutions of systems of 
linear equatio^ig. The' "trick" cah be eliminated by initiating i at . 0 in 
box 3 and dropping box 7 out of the flow chart,. * " . * 

In box 8 we compute the degree of the* new aix) which may "by some fluke , 
have been decreased by more than 1 in the preceding steps. 'In bdx .9 we sim- 
plify a(x)^ .inr the desperate hope of keeping the coefficients from growing 
too large and going off sca"^.. 



T5 



Returning to box 1 we ascertain whether the degree of a(x) is now less 
than the degree of b(xy. If so, then we are through and aix} - is our 
remainder as observed* earlier . If not^ we repeat the process. 

Inbox 0, if m = 0, then b(x) is a non-zero constant polynomial 8lnd 
ve know in advance 'that the remainder will be zero so that there is no need ^ to 
coiQpute it. IZ m < 0, then b(x) is identically zero and the division can- 
not be performed". 

A final warning is in order concerning this problem and the next one. In 
order to avoid the occurrence of fractions and the consequent roundoff, we have 
called for^ repeated multiplication of our polynomials \>y suitable integers. 
The maximum number of times that this i^ultipli cation can ocjcur in the execu- 
tion of problem k Is 1 less than the sum of the degrees of the two polynom- 
ials ♦ The result is that although our program calls for very little storage 
space and relatively few arithmetic operations, t>n the other hand, it requires 
enprmous word length* < This is the pri'ce we ^ave^to pay for demanding exact 
answers. But, in this case, the alternative^ of rounding is not available to. 
us. The result! would be completely lo^t in roundoff. 

To give some idea of the word lengtii required, suppose that the degree of 
a(x) is 8 atidr-the degree of b(x;) is ?.* Let M. be the greatest of the 

absolute values ox the coefficients of the two polynomials. Then the maximum" 

ft 

of the magnitudes of the coefficients of the new a(x) after the first pass 
through box 7 of the REIXJCIMC5b program cannot exceed . 

A new bound on the size of the coefficients on the successive pa'^ses ' 
through l^ox 7 is obtained by squaring and then doubling the old bound. Then 
on the completion of the' program of problem k, if lit passes through box 7 
are required, our bound will be 



/ 



or 



2 2| 2 



(21^) ^ ) 



\ 



V 



This is a ricacul'busly large number but hopefully, in practice, things will, 
not turfi out all that badly. Still, they are likely -to be bad enough. 
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n,jil,{a^, i = O(l)n), 
' {b^, i = Odk) 



EXECUTE * 
DEGREB(n, (a 




O(l)n)) 






EXECUTE 

SIMPi:iFY(n, {a^, i 


r 

= O(l)ii)) 






s SXEOJTE 

DEGREE(m, (b 








' ' 5 



EXECUTE *' 

SIMPLIFY(m, {b^/i = O(l)m)) 



EXECUO^E 

REDUCEMOD 






'execute 

REnJGEMOD 


f 


(n,m, (a^; i = 


0(l)n}, 




(m,;i,(b , i 


= 0(l)mV 




O(l)m)) 






= 0(l)n}) 



LI 



T <- n 



T 







' 1^ 



T- 



10 



T~ir 




T 




. 1- 


0 
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Discussion : The greatest common divisor algorithm for polynomials. amounts 
to this: We start out vith ^wo polynomials ,a^^^(x) and a^'^^(x). Then we 
ucons-truct-a-s^quence- of polynomiQ lp 

• ; a(°)(x),. a(i)(x), a(2)w ' .(^-^\.) , a(^)(x) ^ 

SO' that for k :> 1, a^^^(x) is the remainder on dividing a^^'^^x) by 
a (x). When" a (x) is finally Identically zero, we stop the process 
and 'a^^'-^\x} is xhe greatest common divisor of a^^^(x) and a^"^^(x). 
The justification is the same as that for integers given in Section 3-2 of 
the student text. We have taken the liberty of multiplying our polynomials by 
constants atWarious stages in order to avoid fractibns . This, as mentioned 
in the statement of the problem, will not alter our final answer. 

We see that new polynomials- in the above list will be generated by apply- 
ing REruCSSlOD to the last two members of the li&t already computed. REIXJCEMOD 
will call the last two members of the list a(x) and bj[x), and will replace 
a(x) by the remainder. Before repeating the process we must then switch the 
roles of a(x) and b(x) . . " o ' ^ 

This switching is acck)mpiished in the main flow chart of problem h by 
the auxiliary switching variable SW seen in boxes 6, 12 and I3. This vtiri- 
able alternates between 0 and 1 on each execution of REDUCEMOD and thus 
sends us alternately through boxes Land 8. In these boxes we see the alter- 
nation^of the roles of a(x) and b(x) . 

Boxe^\9, 10 and 11 have the purpose of determining whether we are through. 
T is the degree of the remainder. If T > 0, then we ar^ not .thrpugyftflf 
T e 0, then the remainder is a non-zero* constant and we lorow that the^eatest 
comon divisor in simplest form will be 1, »so we print out "1) (box Ik)* 
If T < 0 (that is, T = -l)', then the remainderls zefo and the last non-zero 
polynomial in our list is printed out as the greatest common divispr (boxes 
15 - 17). ' " " ■ . ■ 

The following flow chart is a variant of the one just seen. The redu9tion 
from 17 boxes to 10 is achieved by the use of ^ double -subscripts . The two 
polynomials are 



and 



„ X + a. .x + . . . + a^ tX + a, ^ 



• T5 

The switching variable SW I now becomes i so that the switching is accom-— 




piished by alternating Uhe/Values of the first subscript, thus changing the 
roles of the two' polynomials . Now boxes 2 through 5 Of H^) a^re compressed 
into boxes 3 and k of U(b)* Boxes 7 and 8 of U(a) are compressed into box 6 
of U(b)* Boxes 9 through 11 of k{a.) are compressed into* box 7 of U(b). Boxes * 
12 and 13 of U(a) are compressed into 8 of U(b). .Boxes 15 through 17 of U(a) 
are compressed into box 10 of U(b)* Boxes 6 and Ih of U(a) become, respectively,* 
boxes 5 and 9 of hOo) . 
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*h. (h) 



\ 



J. 




i *-0 




i i + 1 


i < 1 



\> ISi^^y J = 0(l)n.} 





i 












EXECUTE 






DEGREE(n , (a 
^ ^) 


i = 0(l)n }) 






r If 




EXECUTE 






S]>IPLIFY(n., 


, j = 0(l)n ) 



±_5 



i 0 



EXECUTE 

REDUCEMOD({n^, i ^ 0(1 )l}. 




values'^df 0 





= 0 

1 9 . 










|70, • 



Further work* could be done along the lines of this problem set*. The ^ 
flow chart of pix)blem ^ could be mad? into a procedure which we might call 
GRCOMBIV (to distitiguish it from GCD) . Now we could, given a polpomial a(x) 
with integer coefficients, find a p61ynomial SIMP a(x)^ having tlje same roots 
as a(x) but having no multiple root^ This polynomial is given by 

^ -SIMP a(x) - a(x)/b(x) ' 

where 

b(x) = GRC(KDIV(a(x), a^(x)), 

a*(x)' being the derivative, of a(x). 

Next, one could take up Sturm*^ Method for isolating the real roots of 
polynomials. (See, for example, Uspensk;^, Theory of Equations, McGraw-Hill, 
New York, I9U8, Chapter VII.) ' , 

For illustrative purposes, -we show in the following table the repeated 
trace through REDQCEMOD for the solutioh of the G(H) of 

) ■ ^ • ' • 

I a(x) = 3x^. + ax + 2x"^ - + 5x + 2 

and 

4 2 

b(x) = 2x + 6x-^ + 3x + 3x + 1 . 

The GRC(M)IV(a(x), b(x)i turns out to be x^ + 3x + 1. 

As can be seen on the trace, three successive calls must be made on 
REEUCEMOD before a remainder is found which is identically zero (i.e., n < 0) . 
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Box Ilumber 



n m C D 



First entry to REDUCiMOD. (initial values) 5 k' 

" 1 
2 

t 0 



Second entry to REOJCEMOD 



ERIC 




3 
7 
8 

1 



3 3 



. , , -29 -23 :51 . 1-3 .11 7V'gl 

lit ' ^ ^ 



^Box Number 



n n\ X C D i 



balance brought forward 
•2 



\ a. b, 



Third^ntiy to RETUCEMOD 



ERIC 



3 3 1 -5' 2 ^ 
1 



1% >^ V True/ 

j) -4 ^ ^^2 ^ ^0 mse 

, 1 m — 




3 II (Exit) T 



Supplecfentary exercises 

♦ *• * • 

(We reprint l^ere a .set of exercises ^;^hich may he of interest to your' 
^ ' . *' 

students, OJiese, originally appeared" in the student te^ of the preliminary 

edition. The solution set is given at the end of the reprint,) _ 

Students" often enjoy number-conversion problems. Problems 1, 3, h and^ 
are reasonable for class assignment. Problems 2 and 6 "are tricgy and really 
better suited for challenging projects than/for daily assignments, 

'(Beprint begins here) 

The decimal system has 10 -as a base ; i.e., there are ten unique digits 

(symbols), 0, 1,,2, 3/ 5, 6, 7,^, 5- With these ten digits we can write a 

number as large or as small as we--t7±3ft .by allowing the position ' of the digit to 

represent a* specif ic power of the base. As you know, the decimal numeral" 

W.if^gjj me^s * ■ ^ ^ 

• • * '.V 

Note the use of the^subsdript ^TEN to indicate the base, ' 

^ When numbers are expressed in terms of bases other than ten we oan easily 
find their decimal representations. " For example, the binary (base two with 
symbols 0, l) . numeral ^ llOl^^^ may be expressed 

:^Sl\ 2^) V (1 X 2^) + (0 X + U X 2°) 

°^ ^^TM' ^^Sht symibols' 0, 1, 2, 3, ^, 5, 6, 7) numeral 

263ElGlif .becomes I - ... . 

(2 X 8^) + (6 X 8^) + (3 x8°) 

" • ' i • ^ , ; ■ ' ' ■ 

Pr 179,j,gjf For the heWDdecimal system (base sixteen, synflaols 0, 1, -2, 3, k, 
5,^ 6, 7, 8, 9/ U.jrV,'" W, X, Y,, Z) ISWgjxJ^ becomes " ' 

(1 X 16^) + (5 X 16^) |l (12 X 16°) = 3hB^. y ' . 
' ' • • • 1 

- 



Now let*s 109k at a reference flow chart for procedure octaidec(n,A,dec) 
for the conversion of octal numerals into decimal, as given below. V/c let A 
be ^ vector of n places having as its entries the digits of a positive 
numeral arranged in the order in which they appear in the numeral; e.g., for 

value' . 



OCTALDECj(n, A, dec) 

(start! 



The variable dec returns the decimal 






" i 








i ^ i+l 


i < n 










dec 


t- dec + 





iREOXJRN 



Flow chart for conversion of an 
octal aiumerai into decimal 



Wasn't* it simple? New it's y^ur'turn. 



Adopting the flow chart of octal dec, ^prepare a reference flow chart for 
procedure' intodec(n,A,B,dec) which converts ,^a 'positive numeral, base b, 
into decimal*. Base b -will be restricted to . b < 10. 

• . j. > - . ' ■ ■ 

For the Ingenious student we propose the probl^ of converting from 
hexadecimal to decimal. In this case the entries of^ vector A will be 
alphanumeric, rather' than numerical as| beforer"". Thus, we must oegin by 
identifying each symbol. * - • _ 

(a) Prepare a reference fl^ chart for a procedure identify(}c,A,VAriJE) 
which accept^ the vector A and the index k of' the element to be 
identified. It uses as local variables the alphanumeric elements of 
, the vector COMPARE. 

Vector compare' 

Subscript| l/2.|^'3 ^ 5 6 ? ^& 9 io, 11 12- 13^ 1^ 16 
Element ' "O" "1" "2" "3" "^f!* "5" "6" "7i' "8'*^ "9" "U" "v"^"W" "X"^ "Y" -"2" 



\ 
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The procedure returns VALUE, the value of the hexadecimal digit 
represented in A.'. , ' 

j[b) . Now prepare the reference flow chart for a procedure hexdecdec(n,A) 
which conveys hexadecimal numbers' into decimal numbers. 

Now for the reverse process. "To convert a decimal integer *d to another 
base b, we divide d by b, ' obtaining a Quotient q and a remainder which 

the ^ev d t>y b/ Again becomes d; the remainder *is stored as, r^/ The 

process is repeated until a is 0. The digits of the answer are contained 

^ * I* • 

in vector r "in reverse order, low-ort^er to high-order. 

The method may be illustrated in the conversion of . 20^,^^ into binary: 



A. 





r20k. 

I 2 J = 


102 


^ V 


0 


• 


q = 


rl02. 


51 


r* — 

"2 


0 




* 

q = 
q = 




25 
12 




1 ^ 
1 


m 

t 


q = 


I 2 i 


6 




0 


• 


q = 


L2J 


3 




0 




q = 


<ii . 


1 


"7 = 


1 


« 


q = 




. 0 


^8 = 


I 


4 

/ 



Thus-, •2oif^gj, = nooiioo^Q 

* " 

3. (a) Use the method to convfert 128ii, 
(b) Convert 63^*5, 



•^TEN 



TEN 

into hexadecimal. 



into octal . 



th^ r 



Now that you've practiced the method, we present the reference flow chart 
for pxpceduip decbin(d,m,R) which converts the ^xDsitive deciihal numefal^ d 
into "binary] ^Tl^e result is stored in the first ,m digits of ijlrector ^ with 
ranged in reverse or4er to that in which they appear in the num- 



the digits irran 

^eral" (i.e. J 7^ would appear afe f)21^ 

i M '' ' ' 



c 
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a <- 




R <- d ■ 


• a X 2 


m 



any 



m <- m + 1 
d ^ a 

k- 
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decbin(d,m,E) ^ 




'Your turn again. 



Plow chart for conversion bf a 
decimal iltoeraLiinto binary 



Write a^ reference f^fw chart for the procedure outdec(d,b,m,R) which 
converts the positive decimal numeral d to base ^b, Again the Result 
is st^ed/in the first m digits of vector* R with the digits arranged 



Now it»s time to put the two parts together. Draw a flow chart which 
inputs the quantities " bl, b2, n, A where the digits of a positive 
numeral in base bl are contained in the first elements of vector A 
^^H^ ^^^^^ ^2 i^ the base to ;^ch the r^e^al/is toi. be 

We make the 



converted. 



The output will beJUie numeral in base b2 
restriction that bl < 10 an/ b2 < lO/ ^ 

Finally, for the really* crafty student we s&ggest a problem using Rd^n 
numerals as input • Prepare a reference flow chart for a procedure 
Rnum(h,A,NUM) which converts any Roman numeral, less than miA rep- 
resented as a vector A of n elements into ah Arabic numeral HUM. ' 
fee vector A jcdntains a^ elements each digit of the JRoman numeral • . 
arranged^ high-order .to low-order. As local variables use the elements 

^ of vectors RCmN and VALUE* The comparison vector EOtM containsj the^ 
seven element^ listed below* Each element" of the vector VALUE contains 

' the value of the corresponding element in ROMAN as given bellow.. 
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Vect^i ROMAN 
Vector V^fflUfE 



I V X C D M 

1 5 10 50 100 500 1000 



(b) Draw the flow chart for a pr<?gram which will input two .Roman numerals 
less than MMM and output an echo check and their sum in Arab/c 
nlunerals. Go back to phe input step. 



(.utions for preceding exercises 
^ ^ ^ intodec(n,A,b,dec) 






<- 0 






. 2 


i <-l 






i <- i + 1 


1 < n 




dec <- dec + A^ X b 



(n.i) 



For test 'data we suggest that the following 'be transformed to base ten: 



^st Da^a 



100101, 



TWO 



^3^ 



EIGHT 
A. . 122102^^ 
110100011„ 



TWO 



43701. 
42153 



EIGH!f 



SIX 



Answer 



37; 



TEN 



286, 
^ >70, 

iT^oi, 
5685, 



TEN 



TEN 



TEN 



1?EN 



TEN 



■1 
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18-3 




I VAIXJE.-^ J > ll 




Suggested Test Data 



SIXTEEN 



2ZirtJ 



SIXTEEN 



Answer 



987. 



TEN 



12298, 



•TEN 



J 
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(a) q = [^] = 160 
q = [f ] = 0 



(b) 'q=.[^] = 396 

q = [^] = 2k 



^1 = 


9 


'^2 = 


12 




8 


= 


1 



5r 



TEN EIGHT 



cutdec(d,b,R,ni) 




R d - a X 




m m + 1 
d a 



^,bl,b2,n, {A^,iO=l(l)n} 



1 EXECUTE 




j intCi»de^(n,A,b7,base lo) 






EXECUTE 




oCltde6(base 10,b2,R,m) 




Suggested Test^ Data 



Answer 



L. 1367^£3.Qjj^ into base JTWO ^ 



lOnilOilllOOj^ 



6429, 



TEN 



into base FIVE 



201204^ 



3. .102112^j^^|^ intd ha^i^ELGm \^ 



k6l 



EIGHT 



er|c 



■ l80 

18 5 •• ^ 



6. (a) 
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Rnum(n,A,MJM) 






f- 


1 ^ 




<- 




VALUE^ 


«- 


10 


VALUE, 


«- 


50 


• VALUE^ 


«- 


100 


VAlUEg 


«- 


500 


VALUE^ 


<- 


1000 



NUM <- O' 
LAST <-8 



<-l 


it < n 


W <-k+l 




1 






i < 7 





11 



"INCORRECT " 
CHAIUCTER" 



Tx^ 



{last< 1^ 



F ; 



8' 



fflJM <- NUM - 2 X VALUE(LASa?) + VAnJE(i) 



ERLC 
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'Ti ^ 




MJMj-NUM + VAnJE(i) 



— i 



» t.' 



'I 



\ 



0>) 






= l(l)n), 


m, {Bj^, k = 


1(1) m) 






= 1(1) n}, m, fBj^, k 


= l(l)m), 




' ' ^3 





EXECUTE 




Rnuin(n,A,MJM l) 




It 


EXECUTE 




Riiuin(m,B,HU14 2) 



SUM <- HUM 1 + NUM 2 
* 6 - 



"SUM =" 
. SUM 



Suggested Test Data 

1. MCDXIV, MMIX 

2. lix, DXLV ^ 



Ansver 

SUM = 3^23 
SUM = 605 * 
SUM = 2569 



\ 
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Ansverp to Exercises ^-^ 

sume equations of the form 

al X X + ^1 X y = cl 
a2 X X + b2 X y = c2 ' 

Let. the value of EXIT be zero if lines Intersect, and one if the lines 
are parallel, ' / ' 

^ R0OTS2(al,bl,cl, 






' rl , 


denom^ al X b2 - a2 X bl 







.5 




xl (cl X-b2. - c2 X bl)/denom 
x2.<- (al X c2 - a2 X cl)/denori 




Suggested Proble i 



2x^«- = 3 



Answers: 



(b) 6-,llt7x^ - 3,282 
3.2xj^ + ^,91x2 = 



2.481 
-1.233 



(a) ^"x^ = 0.0526 ^ ^ (bj SXt^^= 0.201 

11 ^ • x^ = -0.380 



^2 = =^ -0.579 



7- 
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< ■ 
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2. (b) 




a, h, c 



a, b, c 



EXECUTE ' ^ 
R0OTSA(a,b, c,xl,x2,box5,box6,box8) 



"TWO SOLQTIONS 
x2 x2 



"NO INTERESTING 
SOLUTION" 



"ONE SOLUTION 



"SOLUTIONS ARE 
COMPLEX" 





n <- (3 



ERIC 




DISC <- b^ - kac 



-^DISC > 0^ 



^DISC 




7 " M 


T 


n <-a 













-b+v®^sc 


2a 


•X2 


-b-VHESC 


2a 



i \ 



I no 



T5 

2. (d) 










' 2 


a, t 











EXECUTE 






ROOTS(a,bj 












"NO IOTERESTINC5 
-SOLUTION'* 



'ONE SOLUTION 



"TWO SOLUTIONS 

- xx ="> xr 

"x2 x2 



"SOLUTIONS ARE 




3.- (a) 



f(X,Y,T,K) 






F 


'■ 2 






'k «-l 










,3- 


T 


(x^ ^ y) 




■ 


c - 2 















1 


'^lO ' 






EXECUTE 


> 






,V,TESlO 


K «-0 






\ 11 
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(test = 0^ ^ 



2, V + 5 X W "V cannot "be 
computed** " 



12 
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Answers .to Exercises ^[ contch(n,i/c, COUNT) 



T5- 




m t-1 , 
COUM"«- 0 



EXECUTE , 
chekch(n,s,m,c,loc) 



IT 



COJUT «- COUNT + 1 



m «- ]foc +' 1 — . 



Lejt the value of ^ ERROR equal 0 for a correctly written expression, 
1 for a negative counter value ^nd 2 for a norizero counter value at 
the end of the scan, ^ \ 

- ' . 'parenchek(n,s, error) ^ ' * * 




10 



ERROR 0 



COUNT <- COUNT + 1 



11 



ERROR <-2 



COUNT <- Z^OUNT - 1 



-4 



(a 



couicr > 0 



\ ■ 
\ 



ERROR <- 1 
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188 , 



cont St ( n, S, k, C, COU^iT ) 




COUNT 


0 


m <- 


1 • 



EXECUTE 

chekst(n,S,m,k, C,«p) 



(TTo>^ 



k 


F 


xiwm couxTP ^ 1 

mNtr p + 1 

k 2— 




n •= length of text fehprthand , 

' S = the string being examined • 
. (i.e., {s^',i+l(l)n} ^ 

^ ^ k = length of ^fesiring 

C = shorthand for the substring 
being searched for, i*.e., 
{c ,i+l(l)k} 

• ■ > 

COtMT = the £ount of ocjcurrences 
of C in S. 
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' ~ Chapter ■-T6 
APPROXIMATIONS 



This chapter is in a way a f reak *show or chamber 'of horrors exhibiting 
samples of many types of difficulties encountered' when -algorithms are actually 
parried out in computer^.'. These pathological e:x^ples are included not to^ 
scare off the reader but rather to maHe him aware of their existence. ' Kumeri?:al 
analysts (people who make a specialty of this area) often are able -ta* su'ggest 
ways "of avoiding the exhibited difficulties in any particular case, ^ 

The first seQtion of th%, chapter concerns itself with representing numbers 
in a computer while the second briefly reviews what we. mean by chopping and ' 
rounding to n droits. Section 6-3 illustrates arithmetic on ^ 3-di^it com- 
puter. In Section 6-h we gtud;| some of the consequences of the fact thay com- 



bhaV ( 



put§rs have only finite word length.. While only a subset of the ratioij^ num- 
bers is actually representable in any computer, we often act as though all real 
numbers were repr.esented. It i^^ interesting and instructive to^ realize that ^ 
most of the time what we represent in the computer is only an approximation to 
the number we have in our mind. ' 

i • . • 

^ Section 6-5 deals with the consequence that computer arithmetic is not 
associative; the order of ope^ration's may affect the result. Sections 6-6 arid 
6-7 illustrate difficulties that could arise in solving f&miliar problems by 
computers. The last jsecti(5n, 6-8, discusses using a computer to compute the 
value of a function by 'methods which themselves are orjly approximations. The 
examples are the iterative Newton algorithm for tlj| square root, ^aud computa- 
tion of ^in X by summing terms of a series. ^ 



uc 




Answers to Exercises 6-1 



1. 





no 




(b) 


yes, 




(c) 


•yes, 




(d)' 


" no 




(e) 


yes, 


.078125 



(f) yes, 3 

(g) yes, 250,827.36 ^ 

*(h) yes, 0 

,(i) no 

,(5) no " 



-Answers to Slxercises 6-2 

1. ^ i^970^ 
..2. ^.00723 
3- ^ ^2.3 



' A 7770 - 




Answers \tiO Exercises 6-3 


• i 


1. (a) 1*67 




,2. ,(a) 8010 


{ (b) 21^.2^ 


3., (a) .-185 X 10"^. ■ 


Cb-)' 6.38': 


(a") 6.87 ' . 


*(b) 


. -5. • Ca)., 9 ."71 ' 


. (b) -22.7 



; ^ * 

5 . ^9700 

6. .0072^^ 

7. i^'2.4 

8. .7780 



i 



\ 



(c) .260 

ic') .00501* 

.•(c)_ 7.10 

(c) 1^.76 • 



Answers to Exercises 



.000110011 rpwo © ' ' ' .0111110 
•.000110011 {2)'" .0001100 



. 001100110 • ' . . 1001010 

.00011001 ^ Q). .oooilo ^ 

. 01001100 ' - • . , iQiOll 

.0001100 . . ® \ .000110 

.0110010 ^ ' ' ' ' .110001 

.OOOUOO '(5) • 000110 

.011.1110 • . .110111 

•~ ' ' .000110 



. 111101 



f 

.0100101 
' 1010 I 11,0000000 
10 10 * 




'3 



10000 , 
1010 ' " * V ' 

11000 . . ' ' . : ' 

J .101100 

~ 1010 I Ul. 000000 ' . \ ^ * 

- ' 101 0 ' . ' ' ' ^ . » , ' 

10 000 • . . ' ' ' ' » • 

1100 " \ - . . • V , 

.1010 ' • / / . 

■ > * 1000 . ' ' , % 

) 

f « . i 

, f ^ 'k 

Since niultiplj^ing by twp ih tin^ just moves' the wljole s-ftring of digits 
one place to the left, we" Kaye - ^ - , ' 

' ^= .00110011 ^ . ;10bl01 . •* ^ . 

10. ^ ^ / IQ ^ * i 

^ = .OllOOll ' • , • obtained' by multiplying the binary version 



illOOll 



, . of^^^ by 2. 



Answers to Exercises N 6-8 ' / • • ' . 

^ • r . 

1. If a ='0., the' first value of h =. and sucfcessiv^ values will be 
1/2 ; 1/2^ J etc. ^ The successive differenbes r|h-g| will be 



1. _ - 



^2 ^ 



1 ^ 

2^ ^ 2^' 



\ 

1 • » 0 ' • 

= -rr, ^tc. The process will teTminate when 



.k-1 



: <^T: • This is eg,uivalent to 10^ <• 2^ '-or k > . ^ , 
,2 '107' * ' ' , ' ' 



if a'< 0^ we know theoretically that there will be trouble. Suppose 
a = -2j we will fill in a little table ^ , * ^ 







* 

■ a 


1/ . a\ 

gCg-.'^ -) 


ih - gf ' 


0 


1. 


-2 . ' 


' 1 ' 


1 

2 




■ 1 
" 2 


N 


1.75' \: 


1.25 


\ 


1.25 


'-I.6O' 


'\-.175 : 


1.U2 



From the last . colui]:in' it is apparent that. |h - g|> is increasing. The 
successive approximations are getting- worse rather than better. • 



An initial guess related^ to the siz^pf^ a ^ADUld get the algorithm off 

^ » a ' « * ' 

to a faster start. — Would be such a guess. ' Howevel*, in this case Ve 

must be sure ^ a ^ is "not zero "since "we divide' by it in box 2. Since this . 

algoritlin is to be used as a reference flow chart, the ability t'o handle 

any value of a- is more important than saving one Iteration of the 

a + 1 ' ^ 

algorithm. The value of — ^ — as an initial gu^ss meets both conditions 

biit is more complic;ated. . , ' y ' ' 



, 199\. 



V 



0^ 




1 



X,ACCUR* 



|<X<|' 



X -X + ;txSIGN(X) 



SIN(X)<- X. 
TRM X 
'K X^ 



i 1 



i <- i+1 



|trm|>accur 



TRM 



2iX(2i+l} 
SIN(X) - SIN(X),+ TRM 



K TRM 



SIN(X) 




In the case that thfe input v^ue of X is 'large, many passes "through 
the loop in Boxes 2 and 3 may be rjequired. To avo^d^v'^s we could replace , 
Boxes 8 and y by the mdchaiiism: ^ ' ^ x ^ ' 



from Box-jL 



1_: 



a 



T ^ [ (X + '«/^)7n] ■ 
K <- T - '2[t/2]- 
X.«-\-l)K(x - T xn) 

, - r ■ 

to Box k 
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Chapter (C7 



SOME MATHEMATICAL APPLICATIONS 



Overview' 



This chapter, is devoted tc^ introducing .the use of ;:omputer technique^ 'in 
connection with three proble^iis^of the greatest mathematical importance. These 
problems afford the student his first glinrpse of the way computers are .really- 
used in applied mathematics. - "~ ' * • . • 

V 

I 

Tltese problems* are; , roots of equations seen in Section 7-lj area under 
'a curve in Sections 7-2 and 7-i; and -solutions of systems of l^-near ^equations 
in Section 7-^. Thus we meet' applications' ^f computers in the areas of 
theory of equations, integral calculus and linear algelpra. The , ma in mathe- 
matical^ areas of computer application whiqh hfeve been omitted are statistics \ " 
and ordinary aad iSrtial differential equations. Theste datter topics are 
.well beyond the scope of this book. . . ' 

For further reading we suggest: - ^""^ 

(1) Edward Stiefel, An Introduction to Numerical Mathematics , 
Academic '.PreBs^ . ' 

(2) L. 'Fox., An Introduction to Nijimerical Linear. Algebra, Oxford Press* .'H 



6. ■ 



J 



r 
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T7-1 Root of an ^qyation by Bisectiop 

The successive bisection algorithm presented in this section is "by no 
-means tlae^'only method for finding roots 'of equations. Newton's method, for 
example, converges to^the* root jmich mor^e rapidly.- The b i sec tipn. algorithm, 
in essejice^ picjts up one piew binary digit of the root on each passage through , 
the loop.. Newton's method by contrast t?fll double the number of correct 
digits (binar;;? or decimal) on each passage tlhrough the loop,' 

*We have touched on Newton's -method in Section^-l as applied >to square 
roots because in this special case we were able tu present it without, the use 
of calculus. A general treatmen-^ of Newton's methocj^^ould require the use of 
r differential calculus which assume the student will not ve had. In case 
ypur students have had some ^fferential calci^us we present later in this 
section a brief exposition of a Newton's method algorithm which you could 
present to your students.* ^ , • » ' ^ 

The mathematical basis of the bisection algorit>hm of this section 
extremely simple, ,viz., when'a continuous ^function chemges sign in an interval 
then it has a root in the interval. The number of roots in the interval must 
either be odd^ (counting multiplicities; or infinite. In the case that the* 
number of roots 'odd and greater, "than pne it is ^'dif f icult and of little, 
interest to attempt to detarmiij^ in advance which root "the. algorithm will 
converge to. Since the interval will at all stages contain an odd 

number of roots, it is relatively easy to see that the method myst converge 
to the first, third, "fifth, or seventh, etc., root. 

, If 'it is not known in advance that the function is continuous in the • 
given interval, but yet the method c_6nverges, then it must converge either 
to a root or to 'a point of discontinuity the function. 

. all the preceding discussion^ of sother things which our algorithm will 

do, on^ should not 'lose »ight of the fact that the algorithm is primarily * 
intended f9r the case that there is just ,one root in the interval. One may 
even say, if or the case that xt is known that there is Just one root in the 
interval. One way in which one might know this is by knowing %hat the ? 
■ derivative of tHe given function does not ehange sign in the given interval. 



Nevton^s Method 

This ihethod was briefly discussQ^ in this Teacher* s Coiraneri^ary in 

Section 5-1. Here we wish to discuss it .ii» a sli^Rtl;/ different way in order 

to treat the subject of ei^ror. Tliis dis^.vjssion may be found in many calculus 

books. We will give a condensed description here. ' ' * 

>^ . . • - ' • 

Before embarking ^ on the studj^ of . the Newton's method algorithm it would 
* ' • ' ^. 

-be well to be aware of sote of its limitations as compared with the successive 

bisection algorith. Newton's method converges to ,the r6ot fantastically . 
faster than the ttisectiori method. If the available binary word length* of the 
_ machine is u then the number of iterations, of the bisection algorithm loop 
'required for maximum accuracy is - w Wle fdr Newton's method the number^ 
of, iterations is 10^2^' "^^/w were) very large then Newton' s';nethod - ' 
would.be enormously superior. Since w is in practice usually no better m 
than 32, the numbers of iteration^ are on the order of 32^ and 5 respec- 
tive]^, so that the saving is not so^very great unless th^ algorithm is to .be' 
used on a^ large number'of problems, ^or unless a great degree"^ of multiple 
precision is available, or uAless the computation of the functional values 
is very time consuming. • * " . . • 

i^therinore, 'the -use Of Newton's method requires g^iaraht^ed' knowledge of 
tbe behavior of the first two derivatives which, may not be available* in 
pflactic^. ^The method is thus only suitable ti5i, imtabulated ^fun'ction^ whose 
first two derivatives are computable and have eertain Vnice'"" properties.* The 
bisectl/bn technique imposes no suQh re&trlcti'ons. • - 

still, the Newton's^ method algorithm has considerable instructive value 
^ especially/ as_ regards the preliminary use of the.bisecftion technique to obtain 
reliable bounds on the err<^r. Furthermore, a var-iant on this. method is » 
indispensible in the application of numerical method to,"diff^rentiaj! equations. 
The analysis which follows should contribute Jo Ae understanding of this, . 
variant. ' ^ ' ^ ' . / 

- Let f be a function having a root at r ,and let be ^ nuiriben 

different from r. Suppose ^Ijat f'(x) and.f"(x) do no1>^change sign or 
assume the valuS 0 between r and x^. Further assume thaft the constant 
sign of f-'(x) • f"(x) ^s the same between ^x ^d r aa the sign of 
vO " ^^f -^^^^ tangenj^to the' graph of f at the point -.(x^, fCx^)) ' 

intersects the^ x-axis at a point x^^ laying between x^' and r. The'.^our 
possible cases 'in^yhich these conditions are met are illustratedL^elow. ' p 



. T7 ' ' 




^ ail positi"^. 



(b) ^ r positive; 

f»(x), f"(x)^ negative. 




(c)^ Xq f^x) negative; 

f"(x) positive . *% 



id) Xq - rj» f"(x) negative; * . 
, f*(x) positive. 

-; • • - . 



• ^ ^ ' Although the method to be derived works in all. these cases, we wilf. 

assume for simplicity in the , following ^discussion that case (a) holds, i«e., 
x^ - f'(x), f^'Tx) all positive. - . ' ' , ' 

The triangle in Figurtf^Ca)' above yields 'the ratio 



(1) 



so that 



1^ 
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[Since f"Cx) > O'"for r < x < x^. then f 'is convex in this interval so 
that 'the taagent line lies^ below, the curve and thus x^ lies between r ^and' 

A bound for the error x^ - r in^terme of the original" error^ x^ - r . is 
next: .derived. / ' . • " , * ^ 

Using. the Law of the Mean*\^e Jiave ' : , - - 



(2) 



L(l) 



'for some | 'between x^ 'and r. Recall that' f(r) = 0 and rewrite (l) and 
(2) in the fom * 



i 



Jaking the difference and again 
f«(xQ) - f'(|)y we obtain 



: 1 
^0 - ^ 



f'(l) 



applying the law of the mean, -tSiis time to 



■ (3) 



^ ^f'(xQ) - f''(|)_/f"(T)(xQ - I) 



^0-^1 ^0 - ^ 



^where x lies between x^ ai;id, I, hence between x^ and r. ^ • 

■* ' 
Getting the left-hand side at (3) over a cQinmoli denominaxor and replacing 

f(xQ) on th^right ^de'by {^^ x^)f'(xQ) from (l) we obtain 



SO that 



x^ - r - 



f'( T)(xQ - |)(Xq - r ) 
f'(xQ) ^ 



H,ence^ 



1^1" ^1<n(^o-'^) • 



where. M = max|f"(x) | ' and N-= min(f* (x) | . f 



V r < X < Xq 



r < X < x^- 



o ■ 
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Iterating the process by letting play the role of x we obtain 



9 



'In general. 



% disadvantage of thi^ method -would seem to be that need to knov the value 
of r in advance. However, if a is a number known to be on the other side 



of r from x^, then 



I I ^ /Ml ' M 



M, * , ' ^ 1 ' 

Now, -df ^I^Q - a| - were Known to be fairljr small, say less than ^ , then 



the me'cnpd is seen to coverage at a galloping rate. . ^ 

* A godd method of procedure might be to determine successive values of x_, 
and a by the bisection method until we have j^l^^ - a| < — and then switch 
1 *'to iihe Kewton jiethod. ^ » ^ . 

In addition to knowir^ that the first and second, deorivatives are positive, 
we icnow "that * t^e second derivative is monotone, theji ' ' • 

• « - < max(f"(x.^), 

■ , while . * . ; , . 

. A flow chart for the entire algorithm is given below. We recall all the <». 

conditions: [a,b] is an interval in which^ a 3?J^t of f (») = 0 is known to 
' * ' ' " 
lie; f*(x) and f"(x) are known to be positive in [a,b] with^ «f"(x) monotone^ 



[Any of the four c^ses described earlier- canH^e reduced "lid tlie case conslderedr 
here ,be^ suitably^ replacing f*(x) by ,-f (x) . or by f(-x) or by -f(-x).] 
For^ convenience we denote f*(x) by g(x) and f"(x) by *h(x).. ' * . 
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fa, b, 



-2. 



c <- (a + b)/2 



c 



values'' of f 



/>.o 



< 0 



•5 



b <- c 




•a c 




It4 . 









H(b) > H(a) 



. / 7 


\ '^8 


M <-'H(b), 




M <-H(a) 



N <-G(a 




T <-M(b 






r 10 



•XO <-.b, 
L <- (b - a)/T'. 





' 12 




1 : — 1 


f(XO)/G(X0') 



13 



T X L < e 



[':)<'. 








T 

' 14 








XO 


% 


f 










Combined Bisection ahd Newton's Method Flow Chart 



In this flow chart boxes 2 through 10 constitute , a modified form of the , 
bisection technique seen in the flow chart of Figure 71^5 of the .student .text. 



This variant has" as its purpose to beat down, the value of > T" ^ "(which ^is Just tlie 
||(x^ - a) of the preceding discussion). .The test in box 3 of -this flow chart 
is different from, the test in box 3, of Figure 7^5 of the student -text because 
we know that f is increasing. Boxes 11 tTirough 13 conqprise the Newton^s^,- 
methocL part of the algorithm. It is striking to see' how simple this algorithm 
is once we knb^ we are , in a suitable interval. , • 
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Answers to Exercises 7-1 Set A' , , % 

The most difficult of these ai-e 1(e) aod 2(c). 

1- (a) , - ' 




root : near 2 • 



(b) 



7 • I 


-6 


J. 










-2 








-U^ ^ K ^ 


* \ 










t 



roots: (a) between -1 and 0 , 
(b ) batween 1 and 2^ 

2CA 
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Answers Lo Exercises 7-1 Set B' . ' ^ 

1. After h steps/ th^ root lies ii^ the interval (2.0^25, ^^125).. 



Step 


1 


Sign' of 

" f(xj 
J. 




(Sign 'of 


lyi 


\&gn of 




2 - 




' 3 


+ 


' 2..$ 




1 


2 




•2.5 




2. .25 


+ 


2 


. 2 




'2.25 


+ , 


2.125,. 


" + 


3' 


' 2 




2.125 


+ 


■ 2.0625 




k 


2.0625 




2^25 


+ 


/ 2.09i+ 





2. * After 3 steps, the^ root is found to lie in the interval (-0.875,-0.75)'*. 



Step 


^1 


Sign of 




Sign of 

'JfCXg) 




Sign Of 




-1 


+ 


0 




-0.5 




1 


-1 


+ 


-0.5 


• 


-0.75 




- 2" 


^-1 


+ 


-Q.75 




-0.875 


* + 


i 


-0.-875 


( — 

+ 


-0.75 . 




-0.8125 





. / 

* / 



3. After k steps, the root lies in the interval (^.3p, ^.5)< 







Sign, of 




Sign oT 




Sign of 


step 




f(;^c^) 


.^2 


fCXg) 








3 


+ 


5 


1 


it 


tt . 


'1 


it 


.-+ 


5\ 








t 


h 




'^-^ 




.' it. 25 


+ ^ 


3 




+ 


- it. 5 




■ it. 375 


+ 


k 


^.375 






- i 


it..it375 




f 

• 




t 


St 


t 








Ansvers to Exercises 7-1 Set C J 

1. For- € = O.I the rootds 1.3k. 



f(x) = •- X - 1 = 0 



Step 




Sign of 
f(x^) 


^2 


Sign of 


X 

m ' 












2' 


+ 


1 




2 


1 


1 




2 


+ 


1.5 


+ 


1 


2 


1 ' 




1-5 


+ 


1.25 




0.5 


3 ^ 


1.25 




1.5 


+ 


1.375 


+ 


0.25 




1.25 " 




1.375 


+ 


1.3125 




0.125 


5 


1.3125 




1.375 


+ 


I.3U375 


— I 

+ 


0.0625^ 



For € = 0.15, the root is •O.606. 



step 


^1 


Sign of 
''f(x^) 


^2 


Sign of 


* m 


Sign of 
f(x ) 






0.1 




1 


+ 


0.55- 




0.9 " 


1 


0.55 




1 


+ 


0.775^ 




0.45 


2 . 


0.55 




0.775 


+ 


0*6625 


+ 


6.225 


3 


"6.55 




0.6625 


+ 


0.60625 


+ 


0.1125 



For € =^0.U, thie root is O.875. 



step 


I 

"•1 


Sign oti 
f(x^) 


^2 


Sign of 




— , 

Sign of 






. 0 ■ 




. 2 


- \ 


1 




2 


' 1 


0 ■ " 


+ 


1 . 




0.5 


+ 


. 1 • 


2 


0.5 


+ - 


1 




,0.75 




- ^ 

0.5 ■ 


i3 


0.75 


+ 


1 




0.875 


+ • 


0.25 . 



The root is 2. 



f (x) = - 3x - 2 



5. 
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"Method inapplicable" would be printed. 
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f(x) = x^ -^x^''^ 13x - 10 = 0 



21-3 



4 



, Answer's to Exercises * Set D 
(l. Let •F(x)>=: sin X - I X 

* ' ' - " / V ' 

G(x) = tan X - IQx 





) . ' — 1 




Y i- sin(x) -."|Ck)' 







EXECUTE 

ZER0(F,B0X4,0,|, .1D001,A) 




"Method is 
inapplicable 
for ^ F:(X). ' 
^ or G(xy' 



[STOP) 
2 



G(x) 





EXECUTE 




ZERO(G,BOXl| 


,o,|,.oo^;b) 







Y <- tan(x) - lOx 








J. 



"BOOT OF F(X) 
IS", A, 
"ROOT OF G(X) 



(stop) 

^ * ^ Comment : Box k should never be executed — but "Just in case", make 
provisibn for printing k message. In computer work clerical errprs like key 
mpch errors, or a "bug" in the zero procedure, could cause the computer to 

^ ^take the alternate exit, if ilj^happens, we want to^rint'a message so we know. 
it*s happened:. We take the same approach in giving similar print boxes in the 
'si)lutions toj the other exercises i^ this set. ' ^ < 

O ,1 C 2iq . ' ,v ' ; . • 



T7 



,2.. 






f 1 


w 

EXECUTE • ' " 




_ aEIR0(H,B0X6 


,0^1, .0001^,R^ 




((17+1) X - l-)x'^ - l)x - 1- 
^ — 



"Method is 
inapplicable" 



2 , 



^ ^ -r 



' ' 3 ' 





i (- 1 






i i+1 


i.< 11 












IT . 




G(x). 




STOP 







G(R) 


HpFR ' 


t- H(R); 




5 


R5.G0FR,H0FR 




. ^ 






R i- R + .01 







X -.■l)x2 - irx - 1 




1 




7^ , 



> f ▼ • 




3- The stW\ent should be able to^see that the root lies in the interval (^^,1). 

F(:f) 



EXECUTE 



ZER0(F, B0X3 ,T7r, 1, .00001,R) 
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2 2 

k. Equation^fdr the orbi^t is x, -f y = 1. 



/ 2 

Note that in the first quadrant, y = y 1 - x . 

1 1 * 

(a) , Intersections vlth the hyperbola xy«r Q<x<- are> ^ 
obtained by solving: 



2 ' 1 



Eet f(x 



) I X • vTr 



a) * interval 0 < x < — 

1 

b) ^interval - < x < 1 



(b) Intersection with the' pove recurves 

• y = , ' = 1,2,3,^,5 

* in the f ir^t quadrant ^ 
expressed as ' \ \\ 




2 . n 



Let Gl(x) = A - x^ - X "(solution in this case*ls x = 




^ 1 



1 ^ 



G2Cx) = A - x^ - x?-"'-:-' 



7 



G5(x) 
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2^6 



X 0 

iThe required flow charts 



F(X) 



4^ 




/ 



T <- X X Vl 


2 1 
- ^ - 1^ 








T <- A-x - X 




/ 2 2 
T ^Vl^ - X 



T 







EXECUTE 



ZER0(F, B0X8 ,0,^, .0001,F1) 



I 



EXECUTE 



ZglO(F,BQX8,^^l, .0001;F2) , 



I 



\' 



EXECUTE ^ , - 

ZER0(G2, B0X8 5-y, 1, .O0OX,RG2) 



I 



EXECUTE - n 

ZERa(G3, B0X8 ,RG2,l, .OOOl^RGS) 



T 



EXECUTE • . ^ ' 

ZERO(G^, BOX8 /RG3,l, .OOOl^RG^) 



I 



EXECUTE 

ZER0(G?, B0X8 ,RG4,1, .0001,RG5) 



T 



i 



t s ■ 



F1,F2,RG2,RG3, 
RG4,RG5 



[sTdpl 




Commient : We do not bother calling on the zei^o procedure for computing th6 
,root of Gl(x') since the solution is obyiously >^/2" Notice that we can usi i 
the root of Gl(x) aa/^he lower limit ^or the beginning bi^sect interval in 
corr5)uting the root of G2(x). In general/ the root of Gi(x) becomes the lower* 
limit of the interval sear<Sh for the^ :^oot of G(i+l.)(x). 



ERIC 



, 213 ' 

' 217' 



dx 



. Inspection shows a root of 
[STARTJ . ' YPRIME(X) lies^ in tUe 
interval ■ (0,2) . . , 



2£R0(:YPRIM£, ^X2 ,0, 2, ANS ) 




YPRIME(x) 





w = 15. feet 



21h 



T7-2 Area Un^^ ^ %xrve : ^ Example : y = l/x betveen x = 1 and x = 2 ^* 

This section constitutes the student^s introduction to the subject ,of 
integration, although we h^e deliberately avoided the use of that word. Such 
a projection info the future would best (we feel) be casually passed off by 
the teaflier. " ' 



^ejre are compelling reasons for believing that integratipd^is best intro- 
duced ^ computation. In most textbook approaches to integration very little ^ 
time'ls devoted to computing integrals from the definition since most examples , 
are too difficult for hand computation. Instead, the 'texts head with all 
possible dispatch for the Fundamental Theorem of Calculus. The effect on the 
student is to leave him thinking of the integral only as the anti- derivative- - 
an utrfortunate viewpoint for most applications. With computational 'techniques 
' availfj^le, the student can program, or at least flow chart, a wide variety of 
integrals before meeting with the Fundamental- Theorem of Calculus. 

Furthermore, the computational method is more closely related to real life 
where anti -derivatives can hardly ever be found. It is a sort of a miSracle 
that for certain elementary functions the integral can be calculated explicitly. 
This miracle is of fundamental importance in njathematics . But, it should not 
bar ts from approximating fntegrals when no miracle ocqurs. 

The numerical integratioiT technique developed in this section is. the trap- 
ezoidal rule. It produces an approximation of the integral regardless "of 
whether the function is everywhere positive in the given interval. Of course;" 
the interpretation of the JLntegral in cases in which, the function is not' every- \ 
where positive, would be*very difficult and ^distracting/ for students at this ' ^ \ 
stage.' . ' ' ' * ' 

r . : - • . ... 

To be^sure, there are methods of approximating the integral which, converge 
much more rapidly to the integral than the trapezoid rule. The jnost famous of 
these is Simpson^s Rule, obtaJ.ned by approximating the' function by parabqlas ^ 
rather than line segments. ^See almost any Calculus text.) The - approximation ' » 
is ^iven by ^ ^ ^ ' " ' v ■ 



1 



f(x)dx = |(f(ay + 4f(a +' h) + Sf Ca + 2h) + 4f(a + 3h) 
, •* 

+ 2f(a~+ hh) + i+f(a + 5h) + + 2f(a + (2n-2)h) 

+ kfia + (2n-l)h) + f(b)) * 
^ ' «• 

whete h ^ ^ . The algorithm is simply flowcharted, but its justification 



is beyond t^ scbpe of this text. ' * . A, 



O • 215, 
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In the text there "has not been included a dlscuasion of a bound on the 

error in using the trapezoid rule* We will next discuss this subject ^efe. 

b-a " * 

Letting h = we see that the bisection me€hod gives the approximate 



^ value, , •of the area 'over the k^^ subinterval as 



'/ _ f(af (k-l)h) + fU + kh) , 



while the actual area, J^, isi 



ra + kh 



For some | and some r\ in [a 4- (k-l)h, ^a + kh] 



f(a + (k-l)h) + f(a + kh) 



and 



' /a + kh 
\ ' f (x)dx : 
Ja, + (k-l)h 



hf(Ti) ' 

by the mean veilue theorem for integrals. Thus, 



- = |f(|) -cf(Tl)|h 



f(^) - .f(Tl) 



^ the law of the mean 



\ 



tor some t between | and Using the fact tnat jl - T)T<-b we. 



have 



b-a 



where M. = max f*(x). Multiplying by the number^ of subiptervals, , 

s <o — — / ^ I . , 

v§ get an upper bound for the difference in the total areas 



|I * A| < M^(b . a)h. 



216 
220 
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In the n iteration of the "bisection process, the length, h, of the su"b-, 
1 * * * . ^ 

intervals is so that the error will te less than 



- a) 



A 2^ - 

If we know a tound, ' M^, for the second derivative of f in the interval 
we can- get the much tetter 'bounoL for the error 

^ MgCt - a)h^ MgCt - a) 

For Sii!5)son's rule the tound on the error is 

MgCt - &)h^ MgCt - a) ' " . 

^ ^ 180 • 16" ■ 

For a calculation of these "bounds for the error see, for example, R- Ctourant, 
Calculus I. Interscience . ^ * * 



Answers tcExercis'es 7-2 Set A * ^ 

1. = -area ot i:rjgipezoid ACQP plus area of trapezoid CBRQ 

• ^ i.x |[f (1);+ f (|)] x.|[f (|x + f (^,),],. , , _ , , , , ^ _ 

2. .Tq ^ area of trapezoid 'ABRP = | 
^ = area of trapezoid<,ACQP plus area of trapezoid CT^Q = |^ 




- = area of trlangie PQR 

- 3 17 _ 1 

- Tf 2¥ " 25 . 



- , ♦.^nswers to Exercises 7-2 Set B 

1. = area of trapezoid AbSP plus area of tr^zoid DCQS plus 

area of trapezoid CEVQ plu5 ^rea t)f trapezoid EBRV 

• = lx|[f(l) + f(5)] + lx|[f(|^ + f(|)]+|xi[f(|) + f(J)]+|-x|[f(J).+ f(2H 
+ I + ^ 4\ 1] = !• X 210 * 336 ^ 280 ^ 2iiO ^ 105 



U71 
1^ 



21Q 



2. T, 



17 1171 _ 1190 1171 
^2 - 25 " I5Ho.-'~ T58o " T58o, 



3. - 




5/'+ 3/2 7/i^ 2 

A C E B ' 

T = area of. trapezoid ACQ? plus area of trapezoid CBRQ, 

3?^' area of trapezoid ADSP plus area trapezoid DCQS 

area of trapezoid CEVQ plus area of trapezoid EBRV 



/r^ - ='(area ACQP minu^p area ADSP minus area DCQS) plus 
^ . (-area CBRQ minus area CEVQ minus area ^RV) 

= area triangle PSQ plus area triangle QJTR 
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Ansvers to Exercises 7-2 Set .C 



text. 



Flow chart to 7(b) should be saved} it wi;.l*be referred to in the language 



1.' Abscissa values are 1, 17/16, 9/8/19/16, .^/h, 21/16, II/8, 2y/l6, 3/2, 
25/16/13/8, 27/16, 7/^'2§7l6, 15/8, 31/16, 2: 



'2. The number doubles. 



7- '3. ~ The abscissa Values are 1, |, 2, |, 3, |, h, % 



•T ^23 



n 1 



T 



> s f- 0 



k <- 1 






k If V 2 




- 1 


— > 


^'^ } 


r ^7 





6' 



n 2^ n-1 n-1 ^ 



s ^- s + 6 + + 3k_- 
2""3 e^n 



* , If' 




f (x-) = .3x^ + 2x + 1 



= 3(1 + 4) + 2(1 + -^^) +1 
• 2" -2" 

= 6.8k^3k5" •. - . 

2" 2^" 

= 6 + -J^+3k!, 
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The purpos* of this problem is to help the student to understand the flow 
chart of F|gure 7-l6 ^y asking leading questions. 

ISolution: 



(b) .Enter j\rice. Exit once to box 5; once to box 6. 

(c) ^0?^ * 

(d) 2^"- 1 lij 7. You enter for k = 1, 3; 5; 7, and 9* 

(e) k =T 9 ^en the test fails. • At that time yow just calculated 
f(li + and added.it to S. 

' sL f(i + §) + f(i + 1) + f(i +' §) + f(i + 1) / ' 



a2 



-(8l + 121 +*l69 + 225) 
f^596 11+9 



13n 



10 



look 

1023. You enter — = 512 times and go^^^^^to 



(f) k< 

- box 5. Ti{e 513th time 'you go on to box 6. So you enter 5I3 times 



, in a] 






2.50 L 






\- 


2W \ 




t1= .02. 



2 when box 9 is ejitered. 



6. (a) = ^[f(i\) + 2\(1 + ^) + 2f(l + |) + 
or ' 



+ 2f(l +^^|^) +f(2)] 



(b) 



k <-l 



k <-k + 1 



k < n 



1 A < — 


— ► 


A 


n 







s/^s + f (1 + ^)5 
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7. (b) T^t^ltsyrf (1) '+ f(.9)i'= h[f(i) + f(9)] = i^d'+l) = ^ = i 



.a^W^-Tj.^4.|(l+)[f(l) + '2f(5) , f(9)] =; 2[f(l) + 2f(5) + f(.9)] , 
= -j-|)=T|; 3.022 • . • , 



(d) Tg = |(2)[f(l) + 2f(3) + 2f(5) + 



2f(7) + f(9)] 



= 1 + 2 ^ 2 ^ 2 ^ ^ 776 

3 5 7 9 315 ^'^-^ 

(e) = |(l)[f(l) +-2f(2) + 2f(3) + 2f(li) + 2f(5) '+ 2f(6) + 2f(7)/+ 

+ ?f(8) + f(9); 

. = 5729 2.27^ 
2520 

I 

(f) = |[Tq + 8f(5)] 

T„ = i[T- + lif(3) 4- lif(7)] ■ - 

= ICTg + 2f(2) + 2f(J0 + 2f(6) +'*2f(8)] 

(g) T;^ = |[T3 4f(|) + f(|) +f(I) + f(|) + f(^) + f(M) + f(^) + f 



(h) 



ji 2, n-l n i^=lf ' . ii' 
k odd 

. ^"-^ 2-^ S'^-^^ 
. ' k Odd 



^Mf(l) + f(9)I 



n tr"! 



s <- 0 



1 


k 1 ' 


k < 2%' 1 


k <- k + 2 



5 



s s + f(l + — 

? ^ 



'It - T- I < 16"^ 

NLn n-l' 



n <- a + 1 



*AREA <-T^ 



T 
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8^^ (a) = |(2){f(2) + f(4)] = [^(2) + f(!f)] =• (1+ + l6) 

h:= |(^)t^(2) + 2f(3) + fW] = + 18 + 16) = 
' Tg = |(|)[f (2) + 2f(|)^+ 2f(3) + 2f(|) + f(lt)]. 

(b) = |[Tq +'2f(3)] 

= |[T^ + f(|) + f(I)] 

(0 T3 = . |f(|) . ,|f(li) . |f(ll) . if (12)] 

T = h ■ + — Y\ f(l + 2k ) 
,n 2 n-1 gn- ktf 2" 

k odd • . 

k Odd 



T?-3 The Area Under a Curve u The General Case' 

Answers to Exercises , 7-3 

'The most difficult problems are 5(a) and 5(b). Thk flow chaijjt for' 
Probrem 1 will^be called for in the language text. - % * ^ ^' 





h <-^(b-a)/n 

i 



f(b) + f(a) 



k 1 ^ 






k k + 1 


k< 


n 




V It 


.S + f(a+^kh) 






5i 





> A *-S X h 



T7 



fa b 



2. I ht-b-a I — >|Tq <- h( 



ERIC 



f(a) 



1" 



S 0 






— ^ 



k i 


k < 2^. 1 


' k k + 2 



T <--xT T+'hxS 
n 2 n-1 



^^'<-^S""+'f(a-+ k'^Jc h) 





T n n + 1 



We could add a tally to count the number\of times the interval is cut in 
half and stop the calculation when this loop has been enjtered a certain 
number of times. Siiecif ically, in box 3 'we also include the staj:ement: 
N 1. We add to box 11 the statement: N *~ N + 1. Between boxes 10 and 
11 we add a new decision box N < N MAX. 'The true branch will lead to , 
box 11 and the false to a new output box indicating an error stop. 
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k,, ,-.Flow chart, comparison. 



(«) 



•m 


n > 








HP 


T - T 

^1 ^0 


2 


.1 


( 

' ' 1. 


9.0 


9.0 


19.000 


10,0 


h 


1 

2 


; i 


,6.25 


. 6.25 




' j 






3 


1^.25 


I8.5O1 ' 


18.750 


^0.2^ 




I 


1 


5.062 . 


5.062 ' 










• 3 


J. 562 ' 


12.624 










•5 ' 


' 10.563 


23.187 












14.063. 


37.250 . 


■ 18.687 


0.063 



(b) 



frti 
III' 


II 


' K < 
XV -> 


JL ^ a. ^ ivii } 




, ^1 


T - T 

^1 ^0 


2 


J 

2 




9.375 


■'9.375 


50.06 


> 

21.94. 






1 


'2.297 


2.297 , 










3 


23.766 


26.063 


' 

' 44.5? 


5*48 


8 


. 3 


1 


0.709 • 


0.705 


1 








3 


5.080 


5.789 


1 

/ 


1 — 






^ 5 • 


15.1+98 


21.287 


y 








7 




55.781 


43.21 


1.37 ^ 


16 


3 


1 


0.261+ 


Q.26I+ 










3 


V.3-73 


1.637 




r 






5 


' 3.519 - 


•5.156 










' -7 • 


7.019 


12.175 










9 


12.. 188 


2I+.363 










•11 


19.31+1+, 


1+^.707 




r 






13 


• 28.802 ■ 


72.509 










15 


to. 880 


113.389 


42.86 


0.34 
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le easiest solution is: 




.This combinatiof^of programs e^^uates the aijsa of that part of the 
circle x + y h lying in lihe first "quadrant ^nd, hence, yields 



T7 



7. '. From the pictures "below 





^ 3 



V . • ^ ^ 2 ^ X ^ 

it is apparent that in2 < — — - r and ink > + — + 



. 2 3 12 



* ' * . ' ■ ?^ • 

» F(2) = in2 - 1 -<--^ 'aod , F{h) = £nh - 1 > ^ . 



Thus, 



'Hence, the root of F lieq between 2' ^nd Thus, <5ur mair^ f lo^ 

chart" call]^ng on the procedure zero v/ill be: 




EXECUTE 

ZERQ(f,B0X3.2, 4.eps rR) 



"The value of 
e is", R 



"Some mysterious 
error" 
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The flow chart £or ,F is given next. Hote that throughout the flow chart 
..^ ve have replaced a by 1, b by x, E by lO" ai;^ particularised f(x) 
- at all occurrences to be l/x. ^Gniervise, bbxes 1 through 8 of Figure 7-20 
^. have been unchanged. This part of the flow chart has the purpose of computj.ng 
^ . ^nx. Finally, in 9 ve 'complete £nx - 1* " 




OLDAREA«<;- (1 + l/x)/2 



m 


ir- 1 


h 


x^- 1 . 



m ^'Z X m 
h ^ h/2 
s*^ 0 





k 


k <-l 


k < m 


k V k+2 





s s * 1/(1 + k X h) 



I NUAREA ^ I X OLDAREA + h X s 



NUAREA - OLDAREA < 10 



OLDAK^A <- NUAREA 



Y AREA - 1 




T7-^ Simultaneous lanear Equations ; JtevelopiYig a Systematic Method of Soluttoh 

In Sections 7-^ and 7-5 .wg, study one of the basic problems of linear . ^ -» 
algebra, that of ^sol-ving syst'elns of Ainear. equations . Unfortunately, it seemS 
impossible to. gjiQfe^the student at this level an appreciation of t^e wide yar- ^ 
iety of problems of^)ure and applied ^nathematics which r^uce in the final 
analysis to the solution, of systems of linear equations or to the closely rela- *^ 
ted problem of matrix -inversion . 

The Gauss algoifithm and its variants constitute the most efficient methocS 
of calculating -yie solution or at least a first approximation of the solution. 
The familiar Cramer's I^le wherein the values of the x *s are expressed as 
ratios of determinants is much less; efficient for computation and is primarily 

9 

of\theoretical interest. ^ ^ * 

The determinant of the matrix of the coefficients (a. .) can be output as 
a simple by-pro (3uct of the improved Gaussian aigorithm (Problem Z of Exercises 
7-5> Set C). This determinant is the erpduct o€ all the pivot elements 



n 

k =*1 



each taken after the row interchange made in the pivoting part of the algorithm. 
This determinant can be computed by the addition of two flow chart boxes to the 
algorithm. These changes are indicated in the Teacher* s- CQmmentary in connec-' 
tion withfthat problem. * 

The above-mentioned problem. and Problem 3 of the same set. (on "equilibra-, 
tion") will give the student a st'iff workout. Experience indi.ctitcc that by 
this' time many students are thirsting for tough problems . These problems 
should make an excellent subject of classroom discussion once the student has 
had a crack at them. ^ ' ^ • - 

« 

* Attempts are still being m^e -to reduce the inaccuracies due to round-off 
eftor. Attempts in this direction are represented by partial pivoting and 
equilibration. Another method for reducing round-off error is called "complete 
pivoting". This method involves yie permuting of variay.es at"" various l^tages 
of 1:he process. Hence^we have the additional complication of keeping track, of 
these permutations so as to make the inverse permutation at. the end of the cal- 
culation. For this reason, tind because its effectiveness is not, clear, we^ 
omitted discuss ibi? of this method. 
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Answey to Exercise 7-^ Set B 



Assume all coefficients Bre different from ^ero. 
[Start 




Divide all coefficients of 
first equation \y a^^ 



From second equation subtract 
a^^ X new first equation ' 



•© 



Solve second equation for 



"3ack substitute" to get 



or, more formally: 




Stop 



V 




(T\**22 *~ ^22" ^21^ ^21 H 



2 2 





^ ^ii/^ii 




^^12/^11 


\ 








-H STOP 



The next sec^on of the text shows how to solve equations, more efficiently. 
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Answers to Exercises 7-$ Set 'A 
1 



Uppei' bounds shown as | mrl be changed to n. These chaijges occur in 
boxes 0, 1, 2, 5, 6 and 13 . Also, the initial values for control indexes 



GAUSS(n,{{a j=l(l)n}i = l(l)nj, 



{b^, i = l(l)n) 




k <- 1 


k < n 


k <- k+1 


'T 




j <r- k+1 


0 < n 


J ^ 0+1 



a, . a, ,/i 
k.V 



kj' kk 



1 ^ k+1 


i < n 


i i+1 


r >T 




j k+1 


j < n 


J ^ J+1 



JT 



b. <- b. <- a.,-b, 
; 1 i ik k 



n • 




* - 


9 


i <-'n 


i > 1 


i i+1 




1 T 


.j 10 



X. b^ 
1 i 



j ^3 


J > i 


J J-1 



.12 



X. X. - a. .X, 
iv 1 ij j 




ERLC 



Gaussikp algorithm- for n equations kn n unknown^^ 
(without pivoting) 

23G 
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Answers to Exercises 7£5 Set B 
2. The sequence of arrays>is' 



3 ii 1 -7 




s 


k ' 
3 


1 

3 


. 7 
" 3 




[H 


, 3 


1 

3 


7 
"3 


'2 h 1-3 








1 


3 




© 


li - 
3 


1 

3 


23- 
3 


3-537 




J 


-5 


• l- 


7_ 




(D- 


-9 


2 


111 



m 



ll 


1 


r 


3 


3 


"3 


k 


1 


23 






T 


-9 


2 


111 



3 

m 

5 



1 23 
© ® ¥ I 



[H I 

© @ 



1 I 

3 "3 

1 23 
¥ T 
263 
17 



the values indicated 



For the back solittions, x. = 
iicated 

^ ^ 23 '"23 1 . 263 32 
^2 ^ T' T ¥ ■ TT = I7 



3 = -p^ and-^ and x^ successively receive 



= ^1 1 1 . 263 _ 382 382 k 32 



17 



17 3 17 



J. 



J. i.i 
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(a) 



3 


-2 7 


-1 


2" 








If 


2 


3 -h 


1 


7 










1 


2 ' 5 


2 










• 






-8 


-2 








* 


"6) 


-0.667 


2.33 


- 


0.333 


0.667" 






2 


3 


-if 




1 . 


'7 






1 


2 






2 


11 










7 




ft 










-0.667 ' 


2.33 


- 


0.333 


^0.667 




J 






-8.67 




1.67 


^5.67 










2.67 




2". 33 


10.3 










^ . jj 




6.67 


-I. 67 








-0.^67 


2.33 




0.333 


0.667 








'^•33 
2.67 


-2.00 
2.67 




0.385 

2»33 


1.31 
10.3 








'=1.67 


^ .J J 




6.67 






* 


1) 


-0.661 


2.33 


- 


0.333 


©^667 




J* 


(D 


1 i^.33 


-2 




0.385 


1.31 






® 


(EM) 


8.00 




1.3(52 


6.602 






® 


(5^ 


9.010 - 


8.853 


-12.098 







-0.^67' 



(D 

® (2^ 

® CEID 

-0.667 
(D ET 

® (p7 



_3j -0.667 



® ^2^67) ; II 



2.33- -0.333 

-2' 0.385 

H 0-^63 

9.00 -8.85 



.2.33 -0.333 
<-2 6.38^ 

H] ? 0.163 

(9.00) --10'.3 

2.33 -0.333 
■ 0.385 
0.163 



-IP. 3 



6.667 
■ 1.31 
0.856 
. -12.1 

0.667 

1.31 \ 
Q.856 

-1^.8 _ 

0.66f" 

1.31 
0.856' 

1.91T 



- 0.667x2 ^, 2.33x2 



< 



0.3?3Xi^-_ 
Xg - 2x^ + O.Wxjf 

X, Oyi63x, - 



^4 



#0.6^7 

SUT31 
i 0 *856^ 

= ;l-92 
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Answers to Exercises 7-3 Set C 



max <- |a 
♦ m <- k 



1 




lit 


i «- k 


+ 1 




i <- i 


+ 1 


i < n 






1 T 




i 


I'? 



22 




i6 



max <- [a 
m <- i. 



ik' 



9^ ^^max = 0^ 



(n^=k) 



J— ^ 





j «- k 


j < n 


J <- j + 1 







•20 



a . 





— ^ b 




m 



21, 




Flow chart fragment for |)artial pivoting 
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GAUSS(n,{(a^j, j=l(l)}i=l(l)n}, ^ 



{b^, i = l(l)n),(f3ri, j = l(l)n), 








1 


k 1 




k <- k+1 


k < n 






, 1 T 






1^ 




max ^ 


l^kkl 




m 


k 










\ 




i 


*-k+l 




1 


i+1 


i < n 


|T 



> max 



max |a.j^| 



•22 
/GO*TO\ T 




♦ 1 7 



18 



(W>4- 



J k. 


J < n 


j3 ^ i+i 



{ 20 



i n 


i > i 


i i-l 



IF 




X. b. 

1 1 





J > i. 


-3 



JT 



L 



12 



>* 


k+1 


J < n 


F 


3.*- 


J+1 





21 



i i- k+1 


1 < n 


i <r- i+1- 




k 6 


j «-k+i 


J' < n 







a. . «- a. . 



er|c 



: 4. 



Gaussian algorithm for n equations in 
n unknowBB vith', partial pivoting 



In order to have this flow chart also compute the detenninant of the 
matri^i, ^^ij^' add two >flo^ chart boxes as fol],ows. Add 



is 



DET <- I 



<* immediately before box 1. Add 



_J_ 



22 



DET 4- DET X a. 



immediately before box 2^. The final value of DET will be the determinant 
of the (a^j)-. A receptacle must also be supplied in the hopper for ^returning . 
this -value to th^ main flow chart. 



9 

/ 4 
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Ml 



' 4 




i <- 1 






i < n 




i <- i + 1 






4 



max «- la.^^l 



: ERJC , 







j <- 3 + 1 


j < n 



Ft 



max«-|a^ 



r-6 — 



povr2 1 




(GO T0\ * 



* (;inax < ?fi^2^ 



P0K2 2 X P0W2 



r 16 

(jnax >'| POW 



11 



-(powg = 1^ 



13 





j < n 


F 




< 


^ ■ _1t . . ' 
f ih 







15 



EquiiibratiToh algorithm | 

2 1 



- \ 



•J 



I 



■I 



1 



n,{{a^^,i = .l(l*)n} J = l(l)n 
i = l(l)n} . 





2 ' 


EXECUTE 










EQUILIBRATE (n^ 


({ 


a. . 


, J=l(l)n} 




i = l(l)n},^f 


b. 
1 




= l(l)n}, 




Box 3) 











1 \ 2. 

"Methpd is 

inapplicable" 



: STOP 



-EXECUTE ~* 


. J = 


l(l)n}j=l(l)n}, 


{b., i = l{l)n}, .{ 




> 


J = l(l)n}, Box 3) 







(Xj, J = l(l)n2 




C^ll for solution of system of equations^ with^^qullibration 
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Sample Test Questions 
7. (Chapter 5) 

a. Prepare a reference procedure flow chart, CONDENSE, which receives a 
vector A^, A^, and returns in consecutive positions the 
non-zero elements of the original vector and also retums'^as n, the 
dimension of the new vector. (Don*t worry about the values of 

with i greater thao the new n - ) 

b. Prepare a flow chart to read in a vector X, use CONDENSE, and print 
out the copdensed vector and its dimension. ^ 



^'•^ Solution: 
a. 



b. 



CONDENSE 

(0. ([AT] , i=l(l)n}) 




1 

•• r 


2 


i^l 


i < n 


i*-i+l 



k+ 1 



-S3 




EXECUTE 
COlroENSE(n,{A^,i=l<l)n) 

* ' 



n,{A^, i=l(l)n} 



n«- n - k 





ERIC 
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8. (Chapter 5) 

Write a procedure flow chart MIIIIMAX for inputting an m fty n matrix 
and searching it for an element which is at the same time as largQ as any 
element fn its row and as small as any element in its column. Return the 
location and value of this element. Provide a special exit for the case that 
there is no s\xcU element. «^ 



Solution: 



MINIMAX(m, n, 



({A^., j = l(l)n} i = l(l)m}^-* 




i ^ 1 


i»< m 


i-^i^l 



VAL-i-a., 
C^l 





0 < t\ 






VAL<- a 







F 






J < n 








9 


7 VAL = 












10 









[Note to teacher: -If the stu4ent were allowed to assume that no two 'dements in, 
any row had the same value, then the loop in Boxes 8-10 could be ^eliminated 
and the F exit from Box 7 hooked into the incrementation section 'of Box 1. 
The algorithm would thus be considerably simplified.] 



ERIC 



It is often important in mathematics to know th^ rate of change of a 
function -at various" points , The rate of change of a function on an interval 
is defined as the^ difference of th^ functional values at tjie endpoints of the 
interval divided ^y the J.ength of the interva^. For example; 



f(x + h) - f (x - li) 
2h • 



.^s the rate of change of ^f ov^r. the^terval. [x - h, x"+ h] . If h is so^ 
sm&\l that reduction of the size of 'h jnajces- no perceptible cHnge in the 
computed rate, we will take the computelf^^efte 'Jjjgjhe rate of change of the 
function at x. 

Your job is to prepare a flow chart computing the rate of change of a 
reference function, f, at n - 1 points, which divide an input interval 
[a,b] into n .equal subintervals . Successively halve the values of fi, 
initializing h with the length of the subintervals . Output the value, of the 
rate when it remaps stationary (differences less than an input value of e )/ 
for three consGftiutive trials. 



ERIC 
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9. (Chapter 6) An -Iraportant function in later math courses is defined. "by 



<;?^3CP (X) = 1. + X- + - + - + ^ ,- 



• • • • 



Construct a flow chsrt for inputting X and e and computing approxi- 
niatious to EXP(X), "terminate the process and print out the result when 
two consecutive japproximations diffef^Hjj' l^ss than , 



Soljution : 




10. (Chapter ?) Hand trace through the flow iihar1>-<5f*Tigure. 7-20 with 
the function fix) = 3x + 5 and with the input values of *a/b, € 
respectively 1, h and^ .01» List in the table below the values 
successively assigned the indicated variables. Encircle -the output 
value of NUAREA. 



, . m 


h 


s 


OLDAREA 


'NUAREA 





















































Answer the following questions concerning this trace. 

ajT How many times^was th^ ^est in Box 7 made? * 

b) flow many times was Box 8* executed? 

c) What property of the particular function caused the paocegs to 
1 tenninate when it did, " . ■ ' . / 



Solution: 



.> m > 


h 


- s^^ 


' OLDAREA 


. NUAREA 


1 


• - 3 


0 


75/2 ^ 


G5/D 


2 


3/2 


25/2 


































• 



a; Once, ^ . ' v * , 

b ) None ' • ' • , *^ ^ 

-c) Since the graph of the function is a strai^t*line the area to be 

approximated is a trapezoid and all trapezoidal "approximations" 

^ ' ' ' V 

will be exact; (Thus the first two •approximations have a differen 
'Qf 0. whicli is less than .01. 



''"^^ Chapter t8 
COMPILATION AND SOm OTHER NON-NUMERIC PROBLEMS 



8-1 Int roductlon ^ '41 

This chapter is expected iTo be Tairly difficult. Not only -is the 
material somewhat different from most of the 'material in the course but also 
the chapter deals, with problems of somewhaf^ greatej^' complexity than those 
V fovmd.earl'fer in the text. Many classes may not be able tOyi4jover this 
Werial in detail. ^Jf desirable due to lack of 'time, Section 8-4 may be 
skipped; but, if it is skipped, the results of the processes presented there 
shoiild be summarized for the students.- These results are; 

1. ' Progran^ statements are-^-ead ^f>:om ca^rds. Individual 
. ^ statements .are. separated from each other a«d state- 

meni?s which may run from One card to the next are 
..properly joined together. » . . 

2. All blank spaces are eliminated from each statement, ' 

3. - Each statement Is ideniified as io t^rpe, and 

h\ Internal symbols are su>v3l*itute\i Tor dll symbols 
^nd. symbol strings used by the prograW^to identify 
» Varie^ble§> 50 that reyety> ?ymb*bl is just one element * 
of the resulting string. . ' * . 



When these r^suats_ are understood,, Jhe jstudeat .caa,pxoce§^ to the m( 
exciting results of Sections 8-5 and 8-6. * * ^ 



8-2 Symbol Manipulation , , , - . . '^ 

Tn this section; the manipulation of symbols is motivated by' the' 

possi^lity of determini^ authorshii^^of literature when the identity, .of 
^the true author is-in ^oubt. You might'. re^Teaf ^o the a3;i;icae by^Frederick 

Mostellaj: in th'e American Statistician (1963) .where. the authorship of t^e 
•FedeValist papers was determined (mostly by Hamillopj. with a^ high ^ degree^ of ' 

probability. The class should not be led to^thinK that aiithorshi^an " 
.always (or easily) be determined, A number of other, attempt's have lea to 

higMiy questionable rfesults.' v ^ . ' ' ■ ' . " * 




^Ari^^^rs to Exercises 8-2 

'fv. 2^ bet ermine if the crharacter occurs at any place after a *B*. 

^If so, return a pointer to *A' (set p = the index of 'A')» 

To" solve this problem, we must search the string twice, once for 'B' 
and then for 'A*. The first search begins with the tirst character 
and the second" at the character just beyond the *B*, if /the 'B* is' 
present. A flow chart solution is: 




Determine if the substring ^TH'^'occurs at any place after the substring 
»DR*. If so, return a poinifer"^^ ^DR». 



rc< ' •' -^ti 

This problem is similar to ITo. 1, except that now substrings are sought, 
so chekst must be used. Alsc) a pointer is to be returned to the first 
substring, rather than _the,.sepQ^4* -.^ - ^ 



<4 




EXEeUTE . i 

chekst (n, {s^, i=l(l)n) A^2,"DR",p) 



(73^ 





F 




^ 3 


m <- 


p+2 



EXECUTE 

chekst (n, {s^,i=:l(i)n)^m,2/'TH",q) 




"TH DOES NOT 
FOUm DR" 



Figure t8-3 



Determine if the characters <B<, and 'C* occur in that order, 

not necessarily adjacently. If so, return a pointer to 

This problem is similar to No. 1 and No. 2. Now, three searches must 
be madB. Since we' must return a pointer to . (if conditions are 
met), we n^ed^a^new pointer (q) for the search for *C*. 



START 





1 




i;XECUTE 






)chekch (n,(s^, i-l(l)n),l/'A",p) 


V 


> " /"' — 




/ 



(73 



EXECUTE • 

chekch (n,(s., i=l(r)n3,p+l,"B",p) 



\ 



iSECUTE 

chekch (ri,{s., i=l(l)n3,p+lfi'C",q) 




APPEAR IK/ 
THAT ORDER" . 



^■P^ 



Figure tS-I* 
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Identify the most frequently occui^ring character in the string, ^ 

A search for 26 letters is required, witii a count of each resulting. 
For this purpose, \he contch*procedure is used. Let the ^t^of letters 
be i^, i = 1, 26/ Let L be the nipst common letter and N 

its covmt; these two values are to be printed by the program, 



N <- 0 





i < 26 


■ i «- i+1 







l; n 



EXECUTE * ' . , 

contch (n,ts^,^ i=l(l)n}, . M 



^ M > 




( 



'i 



IS 



Figure T8-.5 



Find out if any letters of , the alphabet occu\ exactly three times and 
identify them, \ , • " 

The contch procedure' is useful here also. After' it'is executed for each 
letter, we check the count i- If the count is 3, we print the letter. 
(Alternately, i'f we wished,' to have such letters printed at the end of 
the sea'rch/ we "could save them and print them later.) 




- J 


i ^ 1 


i < 26 


i <- i+l 



F , 




EXECUTE 

contch (n/ -{s., i=l(X)n), N) 



N = 3 



\3 



Figure 
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• • •• " . . 

If immediately follpwip 'A', -substitute^ 'X»^ for each such »B» 

in the string. Report the count of such substitutions'. 

We can state the problem this way: for eaclx^ub^tring »ABf, replace 
the »B» by 'X», and count substitiitio^. We cill*^' repeatedly on 
chekst to"locate appearance^ of »AB» ^ and substitute »X» for the 
.•character after the one to which p points, (in Problems 1 - 3 we * 
needed multiple searches because characters thqre could be nfcn-adjacent.- 
Hei-e we seek adjacent »A» and »B' and so oie use of chekst suffices.) 



3 




K ^0 
m ^ 1 



EXECUTE 

chekst (n - {s., i=l(l)n},.m, 2/'AB", p) 



6 





N 




h' 







p+i 



m ^ p + 2 



7 

STOP 1 1 




Figure l6-7 



No answers for Exercise3.;.7 - 10 inclusive, are included in this edition. 



EXECUTE 

chekch(n*S,l/*Zi",p) 



(p -o) - 



_k 
P- 



EXECUTE 
moye('^',n,0,f) 



q <-p-l 



EXECUTE 

moVe(S,l,q,0,T) 



EXECUTE 

chekch(n,S,p,"A",m) 



7 



EXECUTE 



10 



EXECUTE 
raove(S,m,n,i,T) 





STOP J 





EXECUTE 


— 




niove(S,p,n,>g,f ) 






In this exercise the length of the strings will be changed if any^ deletion 
takes place. Therefore, we may £^s well decide to produce 'a new 'strii^ T of 
length Z, The flow chari then xxses procedures chekch, move and deSSete. 



06 



(start) ■ 









1 




EXECUTE*^ 
match (S, 


1, 3; "NOW", 


m) 










2 








m m + 1 
















3 


• 


EXECUTE 

mov^ (S, m, n/ 0, 


T), 


1, . 






a' 

r 

J 



V 



V 
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delete Ocyit;, S , in, p, i , T) 




i i-l' 



EXECOTE ^ »^ 
move(S,q,j,i,f) 



q i+1 



V 



EXECUTE ^ \ 
move(S,l,n,?>fr) 




i <- m 


i ) 




T . 


EXECUTE 


i i+1 




'move(S/q,n,i;f) 


0 






5 





RETURN 



An advantage of this fldw q^irt is that the new string "is .T regardless 
6:f Whether or not deletipn has taken place or even if tlie index p is out "of 
bo"unds# On the dther hand, since transfer from S to T comes in bunches 
after a character to* be deleted hrfs been foufid, move'must be caJJ-ed twice 
(Boxes 7 and 9)* This is a case in which „use of a procedure seems to have 
complicated the ,flow chart. 



2m 



8-3 A language tq be translated 

This 'description is o^ily as det^iled"*^ will* be needed 'for the remaining 
discussion of this 'dhapter. It is not a complete definition of a source 
language; b\;t^ as far as it gtes, yields a language quite similar to ma^ in 
actual use. Prohibition of such items as subscripts or signed variables in ' 
assignment statements is not' due to any great problem in theijT^rd-cessing.r 
rather their pf^esertce would only further complicate the exposition of aa 
already complex problem without adding great insight. ^ • 

Classroom discussion of the "is there more data?" question should' be 
held even though it is not explicitly treated in the text. Tlie difficulty 
, is that different computers will behave differently if they run out of inpuT: 
cards > some will Just stop, others will automatically transfer control to. 
some predete;nnined instruction. The' only uniform way to treat the question 
is to require that a card follow the last data^card and that. that card con- 
tain some special coding (e.g., an asterisk ii^ Column l) which is testable 
by the program and indicates that there is no more data. Obviously, no d^ta 
card can be allowed to have the same coding as the- "end of data" card. 



' Presqan (the ste-ps of a compiler' ) . ; ^ . 

In the discussion of Figure 8-10, the phrasje "litejgl characters" is* 
..used. Thi5^ simply me^s ehar^cjbers appea^i'ing in a source program whi^ch stand 
for themselves. We have enc'ountered something -siruil^' in ^utpui^ strings 
earliei* »and we use the same no.tation. here. Namely tha-f^: 



... . ». ^ V "E" i5 the character* E. itself*. 

"END" is .ti4e^string of cliarfecters END 

The t€kt joints ^out that regardless of whether or^not a colon is found 
by the chelg;:h proceduz^e in Bgx 3 of Figure^ 8-13 incrementing- q by one in ' 

•Box IQ yields i"^'^ desired value. The student i33wnot st^lJed why this is so. ^ 
We can answer this "why" "by recalling the object of Box 8 whi<5rh is to find 
the first cpositign of the string in which the•lette^ "E"^ the word "END" 
could occur. I^the/statement has a label', a colon will be Pound by Box 8 
and q will point ajt that colon so th^t" q^q'^+,1 sets thevjpointfer at^the 
proper plac6-v.to',test for "E^ If the statement does not have a la^el, 

<;Box 8 sets q to zeroise that again incrementation makes «q poinl.to the ^ 
first ch^acter qf the statement where "E". might occurs » ^ • , 

Sections ^8-5 and 8-6 will assume ' somei exposure to Exanple 1 of this section 

It* should' be discussed for, this reason if Jor no other. The purpose of 

the^ process proposed here is to replace whatever 'identifier the .programmer^ 

may .originally have written (whather long 61/ short) "with Identifiers of uniform 

'structure, e.g. , lengths, so that each identifier can be* thought of as -occupying 

just one element of a string. - In some language^ the form of the internal 

identifiers can be us^d to encode information^ about ^hem (e.g., whether they , 

represent real or integer numbers). In the language of Chapter^S, all > , ^ 

i| - * ^'"^.^ 

'variables represe]\t real numbers so^that the need for thig type of distinction 

' \ .-^ ✓^''^'^ 

dpe^s not arise- • * > ^ ^"^^ ^ : « 

Each Of the .examples in this section iS' presented in two stages — the 
gener&Xr or overall description followed' by arr'irapl^entation via detailed ^ 
^flow chart, ^e latter bu^ld'on the material in Section 3-2.* ' V/e carefully 
urge the student to skip thfe detail during the fiis-^ reading so that ^ou and 
hfe^can'get on to see "th^ morfe^ interesting developments ^in Section 8-5. Time 
permitting, i all cart return to 'Sectioi\ 8-ii for a more detailed' look. 

J5 



8-5 The Decomposition of Assignment Statements 

The decfomposition of Assignment statements is usually thought of as the 
heairt'of the compilation process'. Section 8-5 develops the background 
enabling us to state a rule for cfecorapositiori of assignments. In Section 8-6 
we trans form» this rule into flow charts. ^ ' 

It should be remembered (again and again) that the assignment statement 
is assumed to have been processed through the prescan of Section 8-4. In 
particular we assume that only^properlv written statements are to be dealt 
with. No protection is provided in case the assignment statement is im- 
^ properly formed although most actual compilers do provide such protection. 

^ • ' The key that make^ decomposition practical is the use* of a parenthesis— 

fy/^ee way of writing an expression. - A binary expression ' is normally written 
>^^with the .operator separating its twp operands,- that is,: ' 

^ - ^ a - b, ' a / b, or a f b . 

»" 

This is c^lleif infix form. The text makes use of a different way" of writing 
guch expressions^ called postfix fof^n : ^ • * J 

. , ab+, ^ ^ a>5X, ^b/, ' or ab'^ . ' \i ' 

A third formr also exists, called^ prefix form : 

Xab^ /ab, or f ab . ^ 




is written a^' + A X B C 

^ t, ■ 

.is vr?.tten *as + X A B C. 
t 

B) X C ♦ , is wri-iten a^ x + A'B C 
A X (B + C) is written as ' X A + B C . « 

■ ^ < 

In ^e ither 'prefix^ or postfix form, parentheses are unnecessary to indicate 
' the order* Iji prefix form, operations ai^e performed in the order in which 
operators appear when scanning the expression from^ right to left.'. In post/ix 
form, operations are per^formed in tfie order in which the operators .appear 
.vhen .scanning the expressiorj from left to right. In , the text we .have chosen 
to u$e the postfix form simply because people are accustomed to reading from 
left Jto :right. E^her scheme , can bfe used in writing a- computer program. * 
'The student- is asked to complete a li^^f instructions for evaluation of 
Vthe poslrfix form: ^ 4 



2 A B X C + C 2 .{ / B A - - A 2 t B + 2 f / ^ ' \ 
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The completed list is: • ^* 

1. multiply A^by B ' • 

2. to this add C 

3* "^save that' result (cBll it a) and square .C 
' divide a by the square of C * - • 

5. ,save that result (call it and subtract A from B 

6. subtract from 3 , the difference*" B - A 
7» save that result (call it r) and square A 
8s, sav6 thaf 'resl^^t (call it 6) and s^quare B 
9. add the 6 and the square 9f B 

I 10. square thB result of Step 9 ^* ♦ * 

• ' 11. divide T by the result of Step 10 • \ ^ 

12. ^ assign the result of Step 11 to Z. ' 

To find an automatic transformation to postfix form, a precedence table 
is presented in 'Figure 8-20. The upper half of the ^able Contains arithmetic 
operators in an order that agrees with experience (and the presentation of 
Chapter 2) .as to order of precedence.* The lower half of the table contains ^ 
symbols that are not generally thought of as operators. We call them "isolators 
at firJ^ but we will discover it useful to assign them precedence values and - 
for present, purposes to >call them operators^. A simple example is then presented 
to mot-lvate consideration of adjacent pairs of operators a$ the basis of a 
transformation rule.^ ■ - 

• e 

A tentative (and incomplete) rvile is then presented and tested against 
an example. During the test, displayed in Figure 8-21, ye fiild Greek letters 
being used to denote intermediate resul-^. The choice of Greek letters is 
purposeful to'^mphasize what will be discovered promptly: that it is 
important that *an intermediate result be obviously identifiable as such and 
as something different from the other symbols in the string. ^Following the 
tentative rule we suddenly find that the Greek letters representing inter- 
mediate results appear in the generated string where the ^operations they 
represent alresi'dy appear. ^ Clearly something is wrong. * 
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^ ' . s ''^ Additional 'examples are helpful^ - "^.^^ 

'Expression ' . Tripl^ Substitution Generated String 

(A'|2 +^bV2 ^ Ci 2)j.2 a for 'Aj2' ' . ^'^ A2| * 

(a + Bl-2 + C j §)f 2 ' P'for Bt^2'- 'a2|B2| 

(a 'Hh p + c I 2 ) ♦ 2 ' a , for ' a + P A2| B2 f + 

{(f%C,\2)\2 V fbr^C*2 A2^B2j+C2|^ ' 

(a + ^)|2 ^ . '.a for*a + & 'A2t^B2 f + C2< + 

a\2 ^ ' ^ a for 'a I 2 A2J^B2 1 + C2 I + 2| 

One might think that an ^ndjefinite number of intermediate results might be 
produced . 

This x;ould happen for particular forms' of expression, such as: * \ 

" o r A|2 + Bj2 x.(C*}2 -t d}2 X (e|2 +.... ))))). 

However, in most sitixat ions,' two or thre^ temporary internal identifiers ar§/ 
found to be 'sufficient. 

Anot.her example illustrates the importance of using parentheses carefully 
if you want to indicate an ordering, of operations. 

E:{pression Triple Substitution Generated String 

%^XB+C|D I a for C i D ' - CD | 

A X 6 + a ' ' V *P for A X B Ccj AB X 

I ' ^ + a - * a for p + a CD| AB x* + 

Note that^the commutat^vity of addition has-been assumed/ If, in practice, 
the seqtience of oper'atioiis is important, one should write (A x B) + C + D to 
insure that the^addi^on is done in the desired order. 

The sti^d^nt j asked to experiment and decide what to do when an operator 
pair hai^qual precedence; whether or not to^ select that operator pair, ^ A 
ri^e could be developed for either choice. Externally the difference, is in 
whether a series of operations of equal preced'^;ice (for example, A 4'^B + C + d) 
is to be done left to right or right to left. Internally, choosing to select 
an operatoj:^ pair unSer the condition of equal precedence (i.e., left to right 
execution) aid^ the economi2ation of temporary internal identifiers of 
intermediate results. This is demonstrated in the firart: of the additional' 
examples given here* . ^ - ' . . 
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Other decoirrposition algorithms 

The algorithm vhich ,ve develop )iere is by no means the onlj^ 'one used in 
the computing profession. .Indeed it can hardly bej'^construed as the best. We 
vere irfotivated to present this one primarily because it is not necessary to 
aigress for the purpose of introducing the concept of a "stack", vhich is a 
programming technique used in explaining the vay most compilers function. A 
stack is a last- in, first-out storage device". Another name for a etack is 
"push-dovn store". You will find many ref^erences in the literature to ""stack 
compilers". A readable account of one of these compilers for instance, can 
be found in the paper by Arthur B. Evans, Jr., "An Algol 60 Compiler", Annual 
Reviews of Automatic P^^ogramming , Pergamon Press, 1964. 



(^svers to Exercises 8-5 Set A * • ' . , 

^ Xist the ordei; in whi^h you would -do the operations for^each of the 
following. Identify* the reasons for^your choice of orderings. * 

. ( a ) A + B X C ' • , ♦ . 

Multiply B by -^C then add 'A because multiplication has a 
highejr precedence than addition. 

(b) A^X B + C . ' * 

multiply A by B then add C ^because multiplication has a hjgh^r 
precedence than addition. ' - • - 

(c) .(A + B) X C ' ■ V X ' . / ^ 

add A and 'B t^hen multiply by C because a parenthesized >. ^ 
subexpression must be evaluated before multiplying. ^ / 

(d) A X (B + C) . . ^ ^ ' 
add B and C the^ multiply by A because a parenthesized 
subexpression must be evaluated before multiplying. 

(e) A + B J/€/^X I) ' • ' ^ ' , ^ 

firsi^orm B^, multiply that by then add A because the * 

order of precedence is* exponentiation, multiplication, then addition. 

(f) A + B I (C X 15^ • - , ' 

multiply C by form B , then add A because a parenthesized 

subexpression must be evaluated first, then the ^^receden^ce of 
operations is exponentiation before addition. . - * 

4 -(s Answers are similar to those above. , ^ - 



Answers to Exercises 8-5 Set B 

How would-.3ihe expressions of Exercise l6(e) through (j) be written in 
postfix nolrertion^ ' v ' ^ " 

(e) 'A'+ B.f''C X D becomes ABC f D X + * 

,(f) A + B } (C X d) becomes ABeJb X | + 

(g) (a + B) I C X D becomes AB + C | D X 

• Ch] A J + C X D becomes AB } CD X +- - - - 

(i) A|.(B + C) X^^. teaomes ABC + [ D x ^ ^ 

- (j) Aj (B + CXt)) becomes ABCD x + | 
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Answers to Exercises 8-$ Set C 



1. 



Statement- 



Triple 'Substitution 



Generated String 



• -Xa) 


A + B X C; 


a 


.for 


B X C 


BC X 




L'*^ A + a; 


P 


for 


A 4> a 


ABC X^ + 








» 


z-^ p 


ZABC X 


(b) 


Z^.- A X B + C; 


a 


for 


A X.B 


>^ 

AB X 




a + C; 


P 

ji 


for 


a + C 


AB X C J+ 










ZAB *X C + 


(c) 


Z^ (A + B) X C; 


a 


for 


A + B 


AB + 




•7 ^. . rv V n • 


P 


for 


a X C 


AB + C X , * 




r? . Q 
P 






z p 


ZAB + C X"*— 


. (d) 

*• 


A X (B + C); 


a 


for 




BC + 




Zi- A X a; 


P 


for 


A X a 


ABC + X 








• 


Z-e- p 


ZABC + X-^ 


(e) 


Zi- A + B j C X D; . 




for 


B* 1 .C 


BC j . 




Zi- A + a X D; ^ 


. P 


for 


h X D 


'\ BC j D X 




Z-e- A + P; 


r 
^« 


for 


A + p 


ABC 1 X + 










Z T . 


ZABC \ D X + ' 


(f) 


Z^ A -f B 1 (C X D); 


a. 


for 


C,X D 


CD X 




Z ^ A + B t a; 


P 


for 


B { a 


BCDxf 




Z^ A + p; 


' r 


for 


A + P 


ABCD X j + 












ZABCD X J + «*— 


(g) 


2;^ (A + B) 1 *C X D; 


a 


for 


A + B 


AB + 




Z^ ^ j C X D; 


P 


for 


a } C 


AS + C 1 




Z-.^ P X D; 


r 


for 


P X D 


AB + C 1 D X 






• .» 






\^rZAB + C { T) 


. • (h) 


Zi- A 1 B +"C X D; 


a 


for 




AB 1 




Z a + C "x d/ 


P. 


for 


C^X 


AB f CD X ^ 




"Zi- a + P;- 


r 


for 


Q + p 


AB^ eiJ^+: - 




z^r; 






z^ r 


ZAB 1 CD X + ^ 



(i) 


Z**- A I (B + C) X D: 




* 

for 


B + C 




A { a X D;;, 


~- 6 


for 


A 1 a 




Z^3XD; , ; 


r 


for 


3 X D 












(j) 


Z -^^ A j. ( B + C X. D) j; 


a 


for 


C X D 




Z— A ) (B + a); 




for 


B + a- 




Z-Aj 3; 


r 


for 


^A 1 3 



BC + , 
ABC + I 
ABC D X 
ZABC + { D^-X^ 

CD X 
BCD X + 

ABCD ,X + f ^ 
ZABCD X + I ^ 



2. 'v- Statement 

Z^((AXB+C)/C| 2 - (B-A))" 
' /(A}2+Sf 2)| 2; 

^" - Z^((a4C)/cl 2 - (B-A)) 
/(A I 2+B |2)|2; 

• z^o/cf2 : (Va)) 

/(Af2fBt2)j 2; ■ 

^Z*-(0/r- (B-A)) 

/(A^2+Bj 2)j 2; 

• Z-(6-(B-A))/(A< 2 +B{ 2) {2; 
•af-(&-€)/Af 2 +B*-2)i 2; 
Z^<I>/Ca} 2 + B j2) I 2; ' 
Z^V(p + B I 2) j 2; 

z^Ap + lilj 2'; 

Z-M>/v j 2; ^ ' 

zWcy; 



Triple 
Substitution 

, a for A X B ABX 



Generated String 



' 3 ^f or a + C ABXC+ ^ 

r for C j 2 AS<C4C2f ; 

6 for^3/r abxc-k:i2 } / 

€ for B - A ABxe-K:J2 \ /BA- 

0 for 6 - € ABXC-Hg \ /'SA-- 



p for A| ^ ABXC402 \ /BA--A2} 
M- for B [ 2.. ABxC-fC2 | /BA--A2| B2j 
V for p + M. ABxC-fCa | /bA— A2j B2| + 
0 for V I 2 ABXC-KJ2 { /bA— A2| B2f +2^ 
X for 4>/cJ ABXC-IC2 { /BA--A2j B2| %2| / 
' ' zVx /'ZABXC4C2j[ /bA— A2 B2| +2} / 



. SUPPLEMENT 

The Tree Searchjj^th Applications 
tq^ the 

Vour Color Problem and' Games 



This unit is provided for the teacher vho may have gifted or enthusiastic 
students vho ^want to try their mettle on some really hard alg03;ithms . Also, 
this material could be used as the basis for supplemerJtary lectures. The unit 
does not use functions or procedures and hence could be: inserted any time after 
the canpletion of Chapter U, 

Since the exercises in Chaptei: 6 and the first five sections of Chapter 7 
are rather few in number, this unit could be used ^s a project to fill that dead 
spot. 

If the students are tp.be askejL to ^dftv^op the four coloring algorithm, 
it is suggested that the material up throughlthe reduced connection table be 
duplicated and given them. In the case of the game of "31"^ the student^ should 
be 'given the matearial up through the rules of the game* 



The Tree Search 



Two examples of trees are shown below. 



branch 





We see that^ther'e are a number of ^'nodes" on these trees with one branclx coming 
into each node and two or more branches emanating. Iti further pictures we will 
^omit the arrows and assui^e it to be .understood "^that the direction of growth is 
<up^^mrd» ' ^ , 
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By a segment we vdll mean one of the vectors reaching from one node to the 
next oue.^ By k branch we mean a se^ent togetner with everything that follows 
it. Thus, a branch is a "siib-tree" of the origa^nal tree. In climbing a tree, 
when we arrive at a given node we choose one of the segments emanating from it, 
advance eilong this segment to the next node and again choose a segment, repeat- 
ing this process until we reach the top. We see that we can reach, the top at ^' 

N S — * 

many different points. However, once we have reached a certain 
top, there is only one path by which we may descend. 




int at the* 



A nuniber. of jiiathematical problems and a great many games have the tree 
search as a model. In a tree search we attempt to find a pat^up the tr.e^ to 
one of a number of segments on which a desirable' object is located. Since, ih 
^st applications, the number of paths is ffrmidably large, the task seems 
. quite discouraging. However, it turns o^^t that in the applications there are 
certain 'segments which we are barred from choosing. (The inadmissibility of^a 
segment can onl^ be determined after ve haVe climbed to that 'position. ) Sin^ , 
a forbidden segment removes a whole branch from consideration, the size of the 
problem may be drastically reduced. _ ' ^ 

We next present a systematic procedure, i.e., an algorithm^ fo^^ducting 
a tree search. "Our actions are most easily described in the following flow 
chart . 




Go to the lowest 
node on the tree. 



Yes^ 



Are there any more 
untried segments at 
this node? 



Select f^m among these 
untried segments the one 
furthest to the left.* • 




ynoc 
Yes 



Are we at the lowest 
node ^ori the" tree? 



^Jq/Is this segment 



admissible? 



c 



Yes 



Output tlie news that 
t he s exar ch has failed. 



10 



Is the search 
completed? 



Yes 



No 



Output the necessary 



information. 



i 



Advance along the 
selected segmeht 
to the ne:ct nod^. 

I ' 




Descend to 
the' last 
preceding 
node. 




iH STOP 
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Generalized, flow chart for a tree search 
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In applications, some of ^he boxes in thj?s flow chart (especially Box h) . 

may "be "broken down into a number flow chart components ♦ * * 

\ ' . , • 

(Xir first application of a tre^ search is the problem of determining 

Aether a given map eta be colored with four colors. This problem is modeled 
"by a tree with four segments emanating from each node. Each path up the tree 
represents a* coloring of the entire map. The forbidden paths are thc^se which 
would result in some -countryhaving the same color as a neighboring country. 
^The* desired object is to reach the very top of the tree al^ng a permissible . 
path*' ♦ . ' . 

4 

Before developing this algorithm we provide a discussion of the four color 
problem. Much of this jnaterial is background material and may be skipped if 
desired. ^ 



The Four CoJjor Problem . 

Maps are colored so as to make it easy to see at a glai^pe the extent of 
each country. It* is clearly necessary that neighboring countries ^i.e., coun- 
tries with a common boundary line) should be assigned different colors. This^ 
is the only requirement we impose on the coloring of maps. ' 

A checkerboard: is an example- of a map which can be colored with 'only two 
colors. The four country map shown below requires four colox?. The reason for' 
,thi6 is that, each pair of countries being adjacent, no tw5 can have the same 
color. 




It .didn^t take us long to find a map requiring f our*.colors . Yet^n over 
a hundred years of searching, no one has succeeded in finding a map requiring 
five.^ It is natural to conjecture that every possible map can be colored with 
four colors ^nd many mathematic ians have rac ked their brains trying oto prove ^ 
this conjecture. O^e ^est they have been able do so far is to thbv tha' 
every ma^ can be colored using no more than five cfolors. [in fact, ^a very 
simple yroof of the five color theorem exists which is quite suitable for 
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presentation to high school students. See, for example, Courant and Robbins, 
What is Mathematics ?] 

We are about to see how conqputer methods can be applied to the four color 
problem. If the four color conjecture is true, a computer yill not be able to 
devise a proof ^of it. If, on the other hand, the four color conjecture is 
false, a computer be able to find that out. "In particular, for a given 

map, a computer can determine whether it can be colored in four colors. That 
is^ the task for which we will construct an algorithm. 

Before we present this algorithm, a few remfiCrks concerning the coloring 
-of maps may be he(Lpful. 

A minimal five color map is a map requiring five colors and such that every 
other map requiring five colors has at^least as many countries. It is easy to ^ 
show that if pips requiring five colors do indeed exist, then there exist min- 
imal five color maps satisfying: 

i) no point is a boundary point of more than three countries; and 

ii) ^ach country is a neighbor of at least five others. [Every minimal 
map must satisfy this condition.] 

It is customary to consider as candidates for counter-examples to the four 
color conjecture jonly maps fulfilling these conditions. We do not need to use 
these conditions 'in our algorithm but their proof ^is established by the follow- 
ing map fragments. 

Digression : Establishing Condition (i) and (ii) 

♦ 

To establish the legitimacy of requiring condition (i), suppose that the' 
map fragment pn the left is a part of a minljnal five color map. 
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Condition (i) is clearly violated since the hub of th^ wheel i^ a boundary 
point of six countries. 
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Bat that objection is eliminated by the modification shown on the right. 
This map has the same number of countries as tfle^ original . All countries which 
were neighbors before the 'modif ication are still nei^bors, but now countiy 1 
has three new neighbors. Clearly, this modified will require no fewer 
colors than the original.^ Thus, if the original map was a minimal five color 
map J so is the modified ma^. This same modification can be made at all points 
which are boundaiy points of more than three countries, thus ^establishing 
property (i). ^ 

To establish the legitimacy of requiring property (ii), suppose that the 

V 

fragment on the left below is a fragment of a larger map which is a minimal 
' *^ • 

five color map. "'^ * 





Here condition (ii*) is violated as country 1 has just four neighbors. 
Kbw we obliterate the boundaries between 1 and" 2 and between l" and 5, 
thus making* countries 1, 2 and 5 into a single countiy in the map on the 
right. This map has two fever countries than the original. Since the original 
was a minimal five color map, the revised map must be four colorable. We 
suppose^ this to have been done in the figure on the right above . 

NeA we Restore the deleted boundaries and uncolor countiy 1 as shown in 

th^- figure on the left below. In this map countiy 1 has foS neighbors but 

these neighbors have only three different colors, since 2 and 5 are colored 

^ — 

the same. 





Thug, the, fourth color is available for country 1 a§ seen in the figure 
on the right. Anfl now the "vrfiole map is four colore <lt. This contradicts' our 
assumption that "the original map \zas a^ minimal five color map and hence /estab- 
lishes property (ii) . [If (iountries 2 and 5 have common boundary outside 



this fragment, then in the entire discussicyi use 3 and 6 ^Jrffetead of 2 
and 5.] ^ ' * ' 

. Four Coloring as a Tree Search * » ^ * ^ 

We will model the. pro"^em of finding a four coloring Q£^-&^iven map'' as a 
tree search. The =tree will hav6 four segments emanating' from each node. Each 
country (except for the first three) will have a^corresponding level of nodes. 




The sjs^ents emanating froi^i the nodes at the n level represent the four 

" th - * 

possible colorings of l^.he n . country* The particular node which we have 

th ^ 

reached at the n level rej^resents the history of the colors presently assigned 



to lower niimbered countries. 
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'a?&e inadmissible segments are those which voul4 resxilt in a country being 
fiven the same 'color as a previously colored (lower numbered) neighboring . 
bountry. Which countries are neighbors depends on the particular map and will 
have to be in;put as dat^, . • - * ^ 

The object of the^arch is to find a path from the bottom of the tree to' 
the top in which '^fej^r segment is admissible, • . * 



Preparation for the Algorithm ' 

It will simblify matters greatly to follow the ensuing discussion using 
the map provided in the next figure as* an example. The. first step in preparing 
for the algorithm i's the nijmbering o r ind exing of the., countries . ;As' you see/ 
tMs has already been done. . . ' * 

The effici^cy of #the algorithm will be greatly improved if each country 
borders on that with the next lower number and on at leasf one &thef?country 
with a lower 'number. We 'do not absolutely insist on this/ 

. We do, hawever, require that the first three countries all be neighbors, 
of' each other. 



,4 




Example of map to be four colored ^ 
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WEip the numbering has iDeen done we construct the "connection talDle", 
listing after eaj^h. countty all of its neighbors in increasing order. This is 
shown for oui* example in fable'I. Next we construct the "reduced connection 
table" by striking out of each row in the table all numbers gjreater than the 
number *of the row. The reduced connection table for our exaiiple is seen in 
Table II. The subscripted variable w give ^ the width of tlie^i row. We 
now have all the input required for our algorithm. • , - * 



Table I. The Connection Table for.the Example 



Region 






Neighbors 






Region 






Neight 


ors 




1 . 


* ' 

2 


3 


1; 


5 ° 


O 




21 . 


10 
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♦Actually, the* connectio|i table is not used. Its only purpose is in clarifying 
the presentation of the "reduced connection table";"^"" The. reduced conkection 
table, could be pgresented directly. ' , ( ^ ' j ^ - 



Table II. - Reduced Connection Table for the Example 
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The Pour Coloring Algorithm 

We afe now prepared to present Ithe four coloring algorithm seen in the 
I • ♦ 
accompanying flow chart. The boxes are numbered starting wi^th 11 for ease 

/of canparisoh with %tie generalized flow chart for a tree search. 

Box 11 is our input. It gives the numiber of countries, the reduced connec- 
tion table and its widths. ' , ' " . - -« 



GOLOR^ represents the color (l, 2, .3 or \) tentatively givei3htb thfe.i 



th 



country* Since countries 1^ 2", and 3' are mutual neighbors, they must have 
distinct colors, so we arbitrarily assign COLOR^, COLORg . and ^LOR^ the 
values 1, 2 and 3' in flow chart Box 12. :[n Boxes 13 and \\ the rest of the 
coiintries are blanked. ' , T 
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n,{wj,i=l(l)tt), {{COM^j^ d=;l(l)w^) i=l(l)n} 
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i ^"cotoJ^^ " ' 



I/COLOR^ = COLOR, 




"'^*This |map caimptl)e 
U- colored"' 



F<^ coloring map 
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On emerging, from the^ T exit we 

coun-fry^n Box 17 (Box' 3)* 



/ On emergi|?g1from the F exit of Box ij'the tree search begins. The rest 
of the flow chart^is an exact parallel of the generalized tree 'search flow 
chart. In the ensuing discussion of the four coloring algorithm we will give 
parenthetical Veferen6es to the corresponding boxers of the tree seai^cli flow 
chart. ' ' ' / 
. In the initialization portion of .Box I5 (Box l) we initialise the value of 
the variable i at U. -This variable should be regarded as *a pointer whtch 
teJJce-Tis' which country we are attempting to color (which level of nodes we are^ 
.ati ' ■ ' • 

\ln*Box 16 (Box 2) we make a test to determine whether any more colors are 
available to be tried for the i country 
tentative^ly assign the next numbered' coior to the i 
^Now we go through the loop ifi Boxes ^l8 and 19,(this loop corresponds to Box 
to determine whether the color assigned in Box 1? is admissible. *That is, we 
, check to see whether this color has been given* to any of the previously colored 
^ neighbors of the""i country.- ' ' ' 

If this color has been used on a neighbor we will exit frpm the loop on 

the T of Box 19 back to the test in Box'l6 where we check wh^tlier another 

^ th ^ \ 

color is available to- try for the^ i country.^ If, on the other hand, we find 

,that this color has not been used on a^eigh^or^ we emerge from the ^oop at the 

F, of Box 18,. increment i by 1 in the_incrementation portion of Box I5 

(Box and proceed: to the coloring of the next country. 

If at any time we find in Box 16 (Box 2)' that no more colors are available 
* th * ' ' 

to be tried for the i country, then we have tq go back to the pr^vibus country 

(go back one node dowii'lihe tree). First we check in Box 20 (ioxl?) whether we 

are already at the base, of the tree. If ve are at the base of the4ree,*we 

output bhe news that- the search has failed, in/'sox 23 (Box 9). ,If "we are not 

' * 1 th ' ' ' \ 

at the base of the tree^^jfe uncolor«^t)ie i country in^:t 21. and go back one 

node. This stepping back- one node is accomplished by ^ stepping back two in 

Box ?1 and up one in the incrementation, portion of Box 15 . (These together ' 

correspond to Box 8.) , * • 

" If we ever emerge from tHe F exit of Box 15 (the test fort ion of Box I5 
corresponding to Box 5) then the vector, COLOR,' contains an admissible coloring 
the entire 'map which We print out in^Box 22 (Box io).. 
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Improvements , and ' Mp-dif ications 

The greatest fault in the algorithm occurs when we have not succeeded in 
'■famnberlng the countries so that each borders on its predecessor. In this case., 
^ there is little use in stepping dowji' the tr^e one branch at a time. We may as 
well drop down until we first reach a neighbor of the i country. For only 
these neighbors can contribute to the blocki'ng of the' coloring of the i^^ 
country. Unfortuaately, the incorporation of this feature immensely complicate 
the algorithm and we will ipt discuss such a modification here. 

Another drawback of this algorithm is that we cannot predict in advance 
how long the program will require for execution on a computer. We might then 
decide lo cut the process off after the millionth or MAXTRY^^ setback in, Box l6. 
But then we would, have no information at all i*rom our program. We'mi^t there- 
fore decide to print^out the present state of the coloring proce^ss before any " 
setback in \rffich the number of countries colored has. reached a new high, l^EWHI. 

Thfese features are incorporated in our final modification of the ""four color 
flow chart. The modifications are' seen in Box 12 and Boxes 2^-30. 




' 11 



.n,{w^,^i = l(r)n), ^ 
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Tree Games 
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^ A great many games are modeled by trees. We will call theiJfe' gam^s "tree** 
games". Among thfese tree games are chess, checkeVs, go, nim and tic-tac-to^. 

In tree gam3s each segment r**presents a move orplay by one player' or the 
other. , Each level of nodes corresponds to the number of elaps^ moves. The 
inadmissible segments represent illegal move*: Each admissible path from the 
base up to a given node repres^ents a partially completed'game . 

•^ne computer problem associated with tree games is that of "teaching the 
cckputes to play the game". This pix)blem is interesting as it relates to 
human thought processes. At this time considerable success has been achieved 
in. teaching machines to play checkers and somewhat less in teaching them to 
play chess. 

i 

4 But that is not the problem we wiy^consiSer here. We will consider the 

problefiT of determinirng the outcome of the game in the event of best playby both 
players. (There are other ways of analysing this problem, v^ich, for some 
games, may be considerably better.) ^ 

Tree -.games all have the property that if both players were omniscient ^nd 
co^d see all the possible consequence^ of all the moves they could make (as is 
actually the case with tic-tac-toe), then the result of the game Vould be fore- 
ordained as a win for the first player, A win for the second player, or a draw. 

Fo-^ any of these, gaibes algorithms can be devised for determining the pre- 
destined result. However, most tree games are either too easy or'tpo difficult 
^ for compu-^er analysis. For the games of chess or go the pijoblem is ridiculLously 
.beyond the powers 'of a computesf^' The highest speed compiter working full time 
for a billion years wouid not sc^^tch the surface of the problem. On the other 
hand, 'the games of nim aild tic-tac-toe are ^Sufficiently simple that rules, can be 
given for the strategy leading to the best result (a draw in tic-tac-toe an^i a 
win for the first or second, player in nim depending only on the initial numbers 
' of ^sticks in the piles): ' ^ ^ - . ' 

The tree game we have chosen* to anatlyze here is very simple but it will 

* * ' - ' * 

illustrate the main ideas. This game has the pedagogical advantage t^at- the • 

best strategy is not widely known. The name of the game is "3I". The rules 

are quite trivial. A single die is rolled and t'he number that comes w is ' . 

recorded. , Then each of the^two players proceeds in tum to turn up tne numbCT^^^ ^ 

of his choice, except that , the numbers currently on tiie top and bottom are in- 

admisfll^le. The numbers that the ^SLjayers tum up are all added to a (single 

riXtjpixig total ^Aiich has as its initial value the number rolled at the begiiii^ng 
i \if^^ \ ' ■ • 'V ' 1 \ ^ I '5 ^ i ^ ri 

' . 280 . " 
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Of the game. A player "bringing this total to exactly 3I wins the game; a 
player exceeding 3I loses* . 

We see two ways in which the game differs from §qme othe^ games'. First, 
no draw is possilDle; second, a player can win or los^ at his pwn turn. The 
number 3I is quite arbitrary and could be changed to any other number.^ 

Tree games differ from other tree searches in that a jresult "vrfiich is 

desirable for one player is undesirable for the oth^.. This results in the 

characteristic pattern of ana^sis. First, a path is followed up the tree 

*-> - w / 

until a conclusion is reached. ^Then the losing player takes back his last move 

and tries another move. This game i^ played to its conclusion, the loser re- 
tracting his last move, etc. These move retractions will eventually carry us 
to the base of the tree. When a retraction would carry us below the base of 
the tree, the most recent winner has an incontrovertible win as his opponent 
has exhausted all of his resources for impxx)vement . » 

*In the flow, chart which follows, the two players are numbered 1 and 0, 
1 playing, first It is- easiest to consider that at each turn there are 6 
possible 'plays, two of which are inadmissible ♦ 

Again the algorithm is analogous to the generalized tree search algorithm 
except that the output in Box 10 is replaced by climbing down the tree to let 
the loser have another tiy. In discussing the following flow chart we aga^n 
make parenthetical references to the generalized tree search algorithm. An< 
abbreviated d^cription 'seems" to be in. order, in view of tffe similarities ^th 
the previous examples. , • . . 

■ J • ■ I 

The variable i denotes, from Box 19 onward, the number of the move to be 

/ ' "^Z • \ ' i I \ r ' - 

made (the level of , nodes at which ,wte are located). The vector PLAY records 
^ \ » * ' ' J I 

all the mov^s which hava been made/in arriving at the pr^esent^ posit ioiL. The 
variable PLAMSR assumes th^ valae 1 for odd numbered moves and 0 | for even 
numbered moves and. indicates 'i^ich player has the mwe. SUM and WINNER are 
self-explanatory. 

r - ' • 

In Boxe^ 11-lV tl^e game is^'being set up for^play. The initial roll of the 

die, FLAYq, is input and the variables SUM, PLAYER and PtAY are initiated. . In 

Box 15 (Box 1) the search commences. In Box*l6 (Box 2) w^ test to see Aether 

apy mojpp ^ves are availaole to be tried at the i turn* If so, we select the , 

ne:cb ^munbered, die" face in Box 17- (Box 3) and test' for •legality in Box.lS (Box h) 

. remembei!ijig thatf^the sum of the numbers on opposixe faces of a die* is Always 

-equal to - ?. ^Af%|i» augmenting ^he running total l|i Box 19 wettest* to ^ee 



^^^■whe|b^r a g^. h 
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,If the game is not completed, thd ^prdy^leg^ of moving i§ given to the opponent in- 
JBox 21 tOOPc 6) and play continues. Boxes 2'2-24 are a substitute for Box 10. 



Here, if "he game was seen to be completed in Box .20, we designate the ^ajpprop- 

riate playei^as winner. [It is unnecessary ^o allow th^ player who has just 

moved to retract his move and try .again in the case that he, ha? lost, for any 
moves he h^s left will also lose, 
game/). - 



This feature is peculiar to this particular 



In the event i5hat a player ^as run out of moves in Box l6 or that a winneir: 
h'as been desigrl^ited in "Box '^S or 2k, we must climb back down the tree. First - 
we must 'determine -i^ Box .25 (Box 7) whethe^^ thex^ are any earlier moves to\ j 
r^um to. If there are*", we step back one move in Box 26 (Box 8) after first 
erasing the effect of^the last made move which no;? lies' on a different branch. 
Ilie. move also changes hands in this box. ' - 

r ' 

It will noted that we stepped down just one node instead of going 
directly to the last previous" move of the .loser. Box 27*^ which *has no equiva- 
lent in The tree search flow chart, checks, before resuming play, \^ether we ' 
have intact stepped back far enough. On exiting from Box 27 on F the option 

of mov ing reposes with the loser and we proceed to Box 2 8".— It must be r^meto- 

th ' ^ 

bered tjiat" another^ mov^ is to be substituted- for the i move. The last made 
i^^ move is therefore first removed from SUM in Bbx 28. PLAY^ must no? be 



erased, here as the loser mist have a record of the l^ist move he tried at this 
point. • * - ^ [\ 

When the test is failed in Bok 25,' so that the loaej^^has no earlier moves 



left to retract, the searcl 



The algorithm can,' of 
additional infonnation as 



is ended and 



the resa31/ is riiinted in Box 25 (Ldx 9). 



course, be mcdified to provid; for the outj)ut of 
sired. 

id.ll ruin it as a com-t 



^ Revealing 'th6 winning strategy of the game of "31"v 
•puter pre blCi^^but we will whisper this strategy to the tjeacher. You have a 
winning position if you can leaf e your opponent with thd SUM^s k mod 9, or, ifll 
this is i3g)0ssible, with- the SUM s 0. or 5 niod 9 with a 3 or ^ 4 faced up. I| 
you can leave your opponent with such aCpositiop, he will be unabl'e to dp the' 
same to you, nor will he be able to prevent you from again achieving such a 
position on your next turn. . < - * 



If the plq^ recommended above willj result in yoOir exceeding 3I, |then|you 

will be able instead to "bring] the total to" 30' with a 1 faced up, which you do. 
^ . ' ' ' . / 

^ From the ^ove it follows that if the initial roll iS'' k, then the gam^^ Is 

✓won^or the sec^d player. With any other initial rolJ* the game is won for *fche 
first\plfjc^r<^ , \ r \ x\ . , ; ' . \. ' ^ /* ) 



STUDY GUIDE IN DIGI^AIrx COMHJTING 
AM) V 
ReLaIED MAlHEMATICS^ 



1. THE JURPOSE OF TEES GUIDE 

Introducing the subject of digital computers into*the high schools involves 
knowledge, materials, and points of view that are at present not noimally part 
of the training of the high school mathematics teacher* In order that the- sub- 



ject be introduced as widely and rapidly as possible, an in-servUte training 

program is necessary. Teachers must acquire an understa'bding of the new con- 

* 

cepts tci use them effectively and confidently in the classroom. 

^The purpose of this Study Guide is to €tid the teacher in acquiring a fam- 
iliarity with digital computer concepts or"* to furthef" his knowledge of the 
field* The concept of an algorithm is stressed in the' suggested materials* 

— » ' . o 

since it is basic to the mathematical solution gf many problems* Aij algorithm 

« 

l:ff~a list of Iflfe't ructions specifying a f indte sequence of operations whose 
execution will yield th^ answer to a particular problem or class of ^problems. 
Algorithms may be stated in diagrammatic form, or as ^ computer programs * The 
programs are themselves sequences of opera'Oions 'for ^-computer jgyocessing* 
Colleges are stressing the algorithmic approach to mathematics7 ' Thus, it is 
important that the high school student study this concept, \^ether he .writes 




ticn . ' For example ^ 



ter programs 03^ not 

I ' ! 

The use of this GuitLe should not preclude the use of 



the teacher would profit fprom a 



other sources bf in- 



course in computer 

;ramming^*^ef erabXy |taught at a college • In siich a course he would normally 
laboratory experience with a computer • While! contact with the computer is 
[lot essential to an understanding of the use of the mach;Lne, it greatly enhances 
the ^training. In the event the teacher cannot conveniently enroll in a college 
course to strengthen his 'study pwgrm, he is urged to seek computer time '^t a 
nearby college or at a government ♦or industri^ research organizaHiion* 

, Professional and scientific organizations^^^specificaHy the Association foi 
Cojaputing Machinery, are excellent sources of additional infoimation and advice] 
on professional,/ educational, and vocational aspects of computing* Members of 
chapters, of . this organl_zatlon are usually 



mi ' 

local chapters, of. this organi.zation are usually very helpful in provi^ng advice 



^This study guide' was published Originally by SMSG in 1 196^* More recent titles 
Jiave "^een^dded for this pulolication* - 



and even computer demonstrations. Further information is available, for ex- 
ample, by writing to ' ♦ 

c/Associatipn for Computing Mojchinery 
2lXEast Street 7, 

New York 17, N.Y. , . ' ^. 

This Guide may also serye school libraries. and mathem^ics clubs in build- 
ing a collection of digital computer reference materials. 



2 . DIGITAL COdHFTER TOPTHR " ^ ^ ^ 

^ This' Guide has been written to answer three questions about digital com- 
puting and related mathematics : 

a. What are the important topics .'to be studied? 

b. In what order should these be studied? 

c. Where can information. be found on these topics? . ' ' 
' * ' . -* 

Several top ics are s uggested as. basic to an understanding of digital coi^i- ^ 

puters. The first five of these, described in the next paragraph, have been 

intentionally order^ as^ th^y are.- If this order is followed, a continuity 

will be developed 'that should aid the beginner in this study. These fiye ^ 

topics are considered fundamental to a thorough study of the field. The final 

three topics, described later, may be studied in any sequence andi^re of lesser 



importance , 



els 



The reiferences begin with material! on The Nature a^ Organization of f 
Digi^^ Cojiputers / The. capabilities of conput^rs, the manner in which they 



are |rgani sed, and ^he' m^ans ;rfiereby information is stored in, them are con- 
, sidered.* i^hen preparing a problem for computer solution, it is necessary to 

r i 

formulate an algorithm. This process, termed Problem Analysis, includes stating 
^ the problem, select ing a method, analyzing and visualizing it as a step-by-step 
sequence of operations. In this latter process, emphasis is placed on a flow- 
Chart representation, i.e., a diagram displaying the sequence of operations 
comprising a procedure. Tha selected references stress this 'Sj^roach. Com- 

/puter programs are written ini various programming^J^anguages . Some of these 
languages consist of statements in a notation similar to mathematical formulas 
and are termed Algorithmic iJngua^es . References are*gij:en to specif ic^languages 
of this type. The use of appropriate problems for the expression of computer 
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Underlined phrases in these paragraphs are, used as topical headings in the 
"body of' this Guide. ^ i ^ / ; ^ y 




concepts is an essential part Of^§ couise in computers/ As Additional Sources 
of Problems , material is selected that contains ^ully- worked problems for the. 
classroom^ s^o^ng the relatloij betve'en algorithms and computer programs . ^ 111 
) order to unde^tand the nature of the problems that computers can solve, tl 
• Mathematics of Computation must be considered. References describe systems of 
numeration^ computer arithmetic, approximations, and methods in arithmetic for 
the solution of problems XoD difficult to solve by cl^ssical^mathematics . 
These five topics constitute the concepts that should be 'studied in sequence. 

There arevmany Appllcatiq)ns of Computer Systems in e variety of fields. 
Material here includes readings in^ such fields as engineering, phy^cs, the 
behavioral sciences, lav, ettr., for uiiy enriciuiieuL of a teacher's background. 
Compu ter Operation , the manner in which a computer operates to solve a problem; 
is described in the next set pf ref erl!(ices. ^Details of t he*'* l">i*5t ruction -by- 
instruction execution of a program and the manner of programming at ^his devel 
of detail are considered. The final "group of materials ^offers I^n - technical 
and Historical Views of the Comput e r \ ^ie 1 d , providing popularised or historical 
literature. These references do not necessarily probe deeply into particular , 
topics. These three tdjSics are considered eft* les^ importance than the fiv4 
mentioned earlier. * " , • - * 

Several topics are excluded from this Guide becaCise they are not" directly 
related to the concepts discussed. These include circuit design. Boolean al- 
gebra and circuit components.-^ 



3. ORGAMZATION OF^ THE GUIDE 



Guide 



categorizes suitefble refet 




To aid in the stu^y of each topic^ the 
ences. Each, is classified ag^, central , peripheral , or advanced 

a. A central reference is one containing material bearing directly on\^ 
the topi'c and embracing the concepts described here. This type of 
reference is furth^ classified: 

A primary central ref^erence is one whj^h is expected to_\e of 
greatest value to most high school m.^^ematics teach^^. ^ 

A xseconjiary central re'ference is one of less value to .teai^herg. 

b. W peripheral reference is one in ;^hich the material *is spedialize^ or,^.; 
.not central , to the topic but touches upon it, or is somewhat broader*, 

' in scope thanj<bhe topic here defined. • , 
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An advahced reference contains, .material central to the topic but^ 
• which is writte3fL at a higher or more theoretical level. 

K 

•At the end of the Study Guide, all books are listed alphabetlca-lly By 
autlvjr. It is recognized that the list is not exhaustive.. Suggestions for 
appropriate .additions d]?e welcomed. ' ' - - *, 
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I. MTUBS ANB ORGMIZATION of jCCMRJTERS . * '^'rj^^'. 

' , *- - ' . 

The manner in which a q^^s^ter is organized." vi|:h coirasideration of major 

elements. - ^ ' f ' . 

Central (Primary) References ^ j 

HULL, Introduction to Computing, /Ch. 2 

LEESON Ato DIMITRY, Basic Programming Concepts/ Ch. 1, pp^A^9 

♦ ' SHERMAN, Programming and^ Coding Digital Computers, Ch. 3, .pp. 41-47; 
^ pp. 63 ' • • _ 

SMITH, Computer Programming Concepts, Ch. 1^ ^ 

SFROWLS, Computers-.-A Programming 'Problem Approach, Ch. 12 ' 

VON NEUMANN, The pomputer and the Brain, pp. I-.38 , ^ ^ 

Central (Sepondary)References r m ' 

hull/ >Intro duct ion to Computing, Ch. I5 * 
LEESON. AND DIMITRY, Basic Programming Concepts, Ch. 2, pp.' 10-21 
* NCTO,'^Computer Oriented Matheiiiatics, Ch.^2, pp. 19-27 

Peripheral References . * - ^ 

GREENBERGER (editor). Management and tSe Computer of the Future, 
^ Part 6, pp. 221-2i;8 . • . • 



II. PROBLEM ANALYSIS - ^ 

Forrdulation of a method (algorithm) -with emphasis on a .flow-chart 
represent^ation . , . " , ' . - 

Central (^Primary) References , . - , 

J * 4RDEN, An Introduction to Digital Computing, Ch. 4,^ pp. 46-52 
GAELER, The Language of ComputeriS ^ * • ^ 
'^HULL, Introduction to Computing, Ch. 1 ♦ 

NCTM, Computer Oriented Mathematics, pp. 4-l8, 59-101, 120-137. 

/I/ 

ORGAHICK, A FORTRAN Primer, pp. 3I-8O ^ * 

^ ORGANICK, A MAD Primer, pp'. 43-87^ 

SHERMAN, Progremining. and Coding Digital Computers, Ch. 2, pp. 17-40 
'SlUTH, Computer j^ogr&mming Concepts, Ch. 2 ' ^ , 



Peripheral References 

. BORKO^^^Computer^pplications in the Behavioral Sciences, pp. IIU-II8 

FROESE, Introduction to , Programming the im 162O, pp. I5-16 ' . 

> GREENBERGER (ed.), Management and the Computer of tl&e Future, 
;^ - Part 5, pp. 191-193; p. 211 ■ ^ ■ 

• ^ ' y ' ^ . . ^ 

Advanced References , • • 



.ARDEN, 'An IntToductipn^o ,Digital Computing 

BRADSN'AND PERlIS, An Intrvoductory Course in Computer Programming, 
PP.J-3^ ' • ^ " * ^ 

feAKHTEKBROT, Algorithms and Automatic , Coifiputing Machines 



' AioORITHI^C LANGUAGE ' - . ' ' 

Introduction, to 'specifict languages. 
♦ 

Central (-Primary), Referjsnces • 

ALGGL * / . - . ' ' 

^, ANDERSEN, Introddctibn'to 'ALGOL 60 *^ 
< ' • t . ♦ 

BAUMANN et aL, Introduction to ALGOL 
' 'MC CRACKEN, A, Guide to ALGOL Progr^nlminfe^ 

FORTRAN * . ^ 



. HARRIS, ' FORTRAN If sft^d IV Programmi»c . ^ 
HARVILL, Basic FOHtR^ Progralmning ^ 
HULL, iTvtiroduction to Computing, Ch. 4-10 
MC ^CRACKEF, A Guide tp' FCflTRj\N |>rogramming ^ 
ORGAUICK, A FORTRAN. I^im^r^ . ' . \ 

SMITH, Computer Programming Concepts, Ch. 3, 'pp. 12-l6; Ch. 
-SMITH'^AND JOHNSON, FORTRAN Auftotester . 

' ^ i 

OTHERS 

GALLER, The Language of Computers < simplified version of MAD) 

ORGANICK, A. MAD Primer * ' * ' « 

SFROWLS, Computers--A"Progranji3i4ng, Problem.' Approach, Ch. 10, 
' 11 (COBOL), Ch. 14 (PL/I) \ • ' - . 



Central '(Secondary.) 'Kefererices 

- ALGOL/ ^ . ^ ^> ' 

SHERMAN, Programming and Coding Digital Coigputers, Ch. 1U> 

FORTRAN * ' . • ' . 

♦ - COIMAN AND SiALLWOOD, Computer Language . n 

GERMAIN, Programming ,the IBM 16^0, Ch. 8-9 (GOTRAN) 

LEESON And DBHTRY, Basic Programming Conce^plis and the IBM I62O 
Computer,^ pp*. 17U-220 . ^ 

. MC CRACKBN'AND DORN, Numericai Methods and FORTRAN Programming, 
* Ch.- 1,* 7, 9, and Appendix 1 

SHERMAN,* Programming and Coding Digital /Computers, Ch. lU 
OTHERS 

MC GEE, The Formulation of Data Processing Problems fgr Com- 
puters (in ALT, Vol. ^,^l?p. 3-21) (COBOL) 

NCIM, Computer Oriented Mathematics, Ch. 2 (hypothetical 
language) | . , 

Peripheral References . • / " '^'^^-'^N 

•1 

FORTRAN - . ^ • . 



J 



BORKO, Computer Applications in the Behavioral Sciences, Ch. 7,/ 
pp. I2U-I32 

^LEESON AND DBHTRY, BasYc programming Concepts and the IBM I62O 
Computer, pp. 326-3\3 / 



» Advanced References 

ALGOn ' . , ' 

i DIJKSTRA, A' Primer of ALGOL 6p Programming 

FORTRAN • ^ Y , ^ 

^ ^ ^ MC CRACKEN AND^DORN, Numerica/ I^ethdds' and FORTRAN Programming, 



OTHER 



Ch. '2-6, 8, 10, 11 
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IV. ADDITIONAL SOURCES OF PROBLEMS. 

«» 

Mathematical problems displayed with algorithmic language programs for 
their solution. . 

Central (Primary) References ' * ' 

» « , ' 

-AREEN, An Introduction -to Digital Computing, Ch. h, pp. li6-52 

> . GALLER, The Language of Compute!^ 

JOHlteTON et al. An Introduction to ^thematics, Ch. 1, pp. 1^6-152 

. ^IICM', Computer Oriented Mathematics, Ch. 3. ^ * 

ORGANICK, A FORTRAN Primer^ pp. 109-155 ^ ^ ' 

O^StecK>A-MAI)-^Priiner/pi^^ 

' SHERMAN, Programming and Coding Digitial Computers 

^ SMITH, Computer Programming Concepts, Ch..lO (Vol. 1), ail of Vol 

Central (.Secondary) References ' ' ; • . 

GRUENBER^ER ^ANTTMa CRACKEN, Introduction to Electronic . Computers, 
^ . tf . (good examples' scattered throughout book^'but done in 1620 

>f machine code) / ^ 

LARSSON, Equalities and Approxiiiiatic«s w^th FORTRAN Prog ramming, 
t pp. 60-62.j p. lOh; p. 141^. 4. 

' • j • , . 

Advanced References , ' ' 

. AR'pEN, An Introduction, to Digj^^l Computing, Ch.*'ic(, pp. 131^11^7; 
Ch. 12-18, pp. 16I-3U ■ ^-^-^ --^"^ ' W 

BRADEN AND PERLIS, An Introductory Cootse in Colnputer 'Programming, 
*. . pp. 81-121 • ' , ' - ' . 



V. MATHEMATICS OF COCFUTATTON . . ^ 

Numerical metho(is; error analj^sis; ^^proximationsj computer arithmetic; 
system of numeration. 

Central (Primary) -References 

^. ^ • ARE)EN, An Introduction to Digitai Computing, Ch. 7-8, pp^. 87-112 
^ • ^ ,a/&RIS,'. Numerical' Methods' Ulsing FORTRAN^ Ch. 8-9 



. K^fei, Oi^ter-Orle^ed, Mathematics 
NC5M, Computer Orieated Mathematics, Appendix A ) 



Central ^Secorxciary) References ' < ' ' ' 

WBKCr, Somputer Applications in the Behavioral Sciences, Ch. 6, 
I)p-. 62-11' . ' \ 

GOLDEN, FORTRAN IV ^Programming and Computing • ' * * 

NCm; Computer Oriented Mathematics, Appendix B 

Peripheral Reference ^ > - - - ^ ^ . 

' ^ FROESE, Introduction to Programming the IBM 1620,1- pp-. ai-12 

Advanced*References * • ^ - ' 

ARDEN, An Introduction to Digital Computing, Ch. 7-10,* Ch; 12-l6 
V FOX, Introduction to Numerical Linear Algebra ^ . ' ' 



VI. APPLICATIONS OF CCiOTJTER SYSTEMS , — ^ ' 

Examples of the uae of computers' in «uch fields, a3 engineering, sociology. 
Photos., .to. . ^ 

Central (Primary) References ^ 



BAR-HILLEL, The Present Status-gf Automatic Translation of Languages 
• (in ALT, Vol. 1, pp. 92-157) ' „ H^--- 

BORKO, Computer Applications in the Behavioral Sciences, Ch. h. 9^ 
10, 13, Ih, 23, 24 ^ 

GOTLIEB, General-purpose programming for business applications (in 
ALT, Vol. 1,, pp. a-45)' . 4. / 

GREEN, Digital 'Conipufers'in^ Research, Oh. 8'-13 

^ LA\<LOR, Infprmai?.on tecihnblogy and the Lav (in At, Vol. 3, pp..' 

V 299-352) • . ' , . 

MC GEE, ^The formulatioi; of data processing problems for computers 
. K'Xn ALT, Vol. h, pp. lj$2) ' • 

J SMDEL/ Programming computers to , play-games . (in ALT, Vol'. 1. 
-1 . pp. 165-192-) • , • 

SKRAI4STAD, Combined analog-digital teefiniques in simulation (in' 
: ALT, Vol. 3, pp. 2T5-298J ^ ^- \ ° ... 

Peripheral References ; . * '. ' ' ' 

GASo, Recent developments in linear programming (in ALT, Vol. 2 
■pj. 296-377) ■' ■ ' . • ' ■ ' 

Jfe. GREENBERGER, Mariagement and the Cqmiiater of the Future, Ch, 2, 

.pp. 36-91 (decisionmaking); Chi 3/ Pp. " 9^-13o4 simulation pf 
human thinking);, Ch. 4, pp^ 135-17& (information searaii and ' 
retrieval) " , . ' ' . I . ; * 

• / ' ' * ^ • ' 
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..Advanced References * , • • 

♦ 

• BORKO, Computer Applications an. the Behavioral Sciences, Ch, 11, 12, 
FBIGEKBAUM, Computers and Thought 

VII. CCMUTER OPERATION ' s * ^ . . ' • 

The manner in which a digital computer operates to solve a ^jroblem* 
Machine -language concept $ and' programming are included, ' 

Central (Primary) References ^ * 

f ^ _ w , ' ' 

* * BORKO; Cemputer Applications in * the Behavioral Sciences, Ch, 5 ^ . 

- * • DODES^ IM 1620 Programming for Science an^ Mathematics, Parts II-III, 

^ Appendices _ • . 

I ♦ FROESE, Introduction to Pregrammdng the IBM I62O imachine language 

and SPS) ' ' * ' * ' - ' * 7 

• * GERMAIN, Programming the IBM I62O 

HULL, Introduction to Computing, Ch. 3 » • ^ 

LEESON AM) DIMITRY, Ba^ic Programming Concepts and the IBM I62O Com- 
. . - ' ^ puter, Ch. 2-lU, ;pp. 22-173 ' - 

NCIM, Computer Oriented Mathematics, Appendix A, ppV I38-I53 

\ ■ SHERMAN, Programming and Coding 'Digital Computers, 3, PP- ^7-60 ^ 

Central (Secondary) References i. ' ' • . ^ 

■ . ARDEN, An Introduction to Digital Computing, Ch.*l, -5, 6 

MC CORMICK,' Digital Computer Primer (hypothetical computer) 

NCTO, Compute^:, Oriented Mathematics,* Ch. 2^ pp. 27-^0 (hypothetical 
computer) ' / • 

SMITH, Computer Programming 'Concepts, Ch, 3 

* Peripheral References *■ . ' . .* ^ 

^CODD, Multiprogramming (in -ALT, Vol. 3/ PP« '78-1-53)^. 
CURTIN, Multiple corapjuter operations "(in ALT, Vol. U, pp. 2^5-303") 
ENGLEBART^ Games "fhat teach the fundamentals of computer operation * 

^ \ " GREEN, Digitefl Computers in Research, Ch. I5 

/ . GRUENBfiRGER AND MC CRACKEN, Introduction to Electronic 'Computers 

Advanced References ' ' , • 

' , MC NAUGHTGN, The theoiy t)f automata, a survey (in ALT, Vol. 2, 

.- ' ^ ■ pp. 379-'+2l) • • - ■ • 
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WIl . ^ NON-TECHMCAL MD ^HISTORICAL VIEWS OF THE COMHJTJS^ FIELD ' 



Popularized or historical literature in thfe field. 

If . • / 

Central (Primary) References , 

BERI^STEIN, The AnaWical Engine: Coi»puters-P^st, Present ai^^ 
. ^ , ^ Pibtul-e _ - ' ^ 

BQRKO, Computer Applications in tife Behavioral .Sciences , Ch. ? ' - 
• (history^) ^ . ^ . j ^ 

*mm, Computer Oriented MaUhematics, Appendix E, pp. 198-200 " 
(short history) • * ' ' 

TCWKINS, Computer education (in ALT, Vol,^ k, pp. I35-168) 

_,VON NEOMAM,. The Computer and the Brain, Part ,2," pp. 39-82 (the 
human nervous system) 
^ ' . '"^ ^ ' > 

Ce'ntral (Secondar;jr) References^ ' . » ^ , 

DARUOWSKI, Computer^r-Theory and Uses, Vol.^^l^p. I-29, 61-70 

Peripheral References . ■ \ 

GREENBERGERj Management and' the Computer of the Future Ch. 1^ 
pp; 2-3^^; Oh. 8, /pp. 291-32i| ^ ^ \ 

Advanced References * ■ * n , • ' * 

^* ' ' . 

SHOULDERS, Micyo-electrcnics usirrs electroit-beam-activated machining 
techniques (in^ALI*, Vol* 2, ^. 137-293) . 



AMOTATED BIBLIOGRAPHY " ' ' — 

ALT, F. (editor)} Advances in Computers > Vols. l-k. New York:) * Academic - 
Press, i960- 1963. The articles in these "books 'range from introductions 
for certain fields and suijparies of existing work in a, particular field 
to quite technical paper^ to be read pnly with an appropriate background. 
The following selection of twelve of these articles has be%n chosen as 
parti curarly' suitable for -the- hi'gh school teacher. 

BARR-HILLEL, Y.) The present status of automatic translation of languages 
(Vol. 1/pp. ^2-157) • A survey of the field of. translation of 
natural languages, e.Q., French, describirig the accomplishments of 
A number of workers'. Some of the problems encountered in natural 
language translation kre described in-.an' appendix. - — 

' ' / ' • ' * ' 

GOTLIEB, C. C, Ge n e r al - pu r po s jS programming for fc^usiness applications 

^ Vol. 1, pp. 1-UC) . ' A rapid, extensive overview of the business data 

^processing field containing a short 'introduction to programming, 
systems; characteribtrcs of data processing problems; ,typica] data 
processing .operations (sorting^ nfej-ging, file handling). 

SAMUEL, A. L., Programming computers to play games' (Vol. 1, pp. 165-192). 
Written in general terms without giving- details of algorithms, this 
article deals primarily with computer checker- playing, although it 
Also discusses several approaches to' computer- chess-playing. 

GASS,- S. I., Recent developments in linear programming (Vol. 2, pp. 2^- 
377). A survey of the field of linear programming (minimization of 
a linear fti^tion of sevei'al variables oVer a region defined by 
boundaries 'specified by linear equations)* ^Several specific pro- ^ 
gramming lapguag/es^ and some applic§tibns described. 

MC.NAUGKTON, R./ The theory of automata , a survey (Vol. 2, pp. 379-^21). 

Automata theory*: (excluding such topics as switching theorj^,, theory 
. \ of comput&bility/, and artificial intelligence) is treated gtartihg , 
from a bafeic level, defining fundamental concepts^ aijd proceeding 
/ * at a level appropriate for most teachers. ' » - ^ 

SHOUL'DERS, K. R., Micro - elect r/r^cs using electron - beam - activated machin - 
ing techniques (Vol ."-2^ pp. 137-293) • A lengthy (150-page) report 
on devices^that may have considerable impact on computer design 
technology. Thin film circuitry is described in great detail with_ " 
emphasis on novel manufacturing vtechniqu^s . 

CODD, E. F., Multipxpgramming (Vol. 3, pp. 78-153)- Multiprogramming is_ 
» concerned with concurrency -of operations within CQBJputer Systems. 
This article offers a thorough, "^relatively non-'technical introduction 
to the subject. It requires no particular background. in specific 
programming language. * 

' LAWLOR, R. C., Information technology and the law (Vol. 3, PP. 2''99-352). • 
THis article provides a brief look at the possible utilizati6n of, 
compute^rs tor aid in ipformation retrieval in the.,field of law* In ^ 
addition, the article shows how Supreme Court decisipns^^night be 
.predicted by the computer, using information on past decisions. 
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SKM4STAD, J^. K. . Combined analog - digital technyiues in simulation (Vol. 3, 
PP- 275-298). The kinds of problems best handled on such system 
al-e described; some equations are solVed on each of tKe two types. 
Examples are given. The problems with such a systfem are described. 

CURTIN/W. A., Multiple computer operations (Vol. 4, pp. 245-303). A 
. . ^ description of general concepts fox *the design, programming, and 

scheduling of multiple computer systems. Existing multiple coi^puten 
systems are reviewed. " * 

* ► 

MC GEE, W. C.-, The formulation of data processing problems for computers 
(Vol. k, pp. 1^-52). "A review of. recent developments in certain 
areas of data processing*; the characteristics of data processing 
languages (COBOL et al), organization and description of data, and 
somg be^^inning attempts at a theory of , data processing, . - 
•« ' ' ♦ 

TCMPKINS, H.. E., Computer education (v8l. pp. 13>.l68)v-.A description 
of the ^efforts toward computer education at the college and high 
school 'levels with emphasis on the former. A few comments are given* 
•or; programmed instruction.' ^ * 

mbmsm, C. An introduction to ALGOL 60. Reading, Mass.: Addispn-Wesley, 
1964. ^A clear and very brieT description of the language ALGOL. The 
reader is assume^, to have-a basic knowleclge of step-by-step logical 
processes' &nd l^epet it ive operations . The features of the language are 
, introduced gradually and in a natural and conve^iient order. Individual 
features are illustrated well by examples. / 

mm, B. W. ^ Introduction to Digital Computing . Reading, Mass.: Adjiison- - 
Wesley, 1963. This book^for the scientifically-minded reader is an 
excellent introduction^to, digital ' compu1:ifig. 'About one-half of the book 
is devoted tb a detailed exposition of the subject of numerical ana};ysis. 

^ Many numerical techniques are illustrated bv algorithms" expressed ia tfae 
MAD language. The book also .con^ins an excellent chapter on numerical , 
• "'methods and a final chapter which "describes the programming of "a sim^e ^ 
compiler". In addition to^an introduction to MAD, a ba^ic approach to 
machine organization is given. 

BAUMAM, FELICIANO, BAUER AND SAMELSON. ' Introduction to"^ ALGOL . Englewood ' - 
Cliffs, N. J. Prentice -Hall, Inc:,1964. '^An excellent, exceptionally 
clear and concise textbook on the language 'AXjGOti well-suited for use as 
a reference , work as well (includes- revised report on ALGOL 60 as appendix).' 
Assumes a knowledge of the basic ideas of step-by-step logical procedures 
and repetitive processes . ^ » ^ 

BERNSTEI-W, J. The Analytical Engihe : Computers -- Past , Present and Future. 
Kew York: Random House, l^bk. This higlily readable rittle"Took (103 
pages) first appeared as a series of articles in the Yorker. Any 
reasonably literate person could enjpy it as popular historic^ background. 

BORKO, JI. (editpr) Computer Applications in the Behavioral Sciences. Englewood 
Cliffs, J.: Prentice-Hall, Inc, 19^27 Although comprised prirtcipally 
of a collation of 1? reports covering a wide variety of computer oppliqa- 
tions to the^behavioral^^ences, tffj^ook also cont£djifi..fl_UU)j-page in- 
troduction to computing 'i^hich presupposes no prior' knowledge .* The .research 
reports,' while not easy reading, should be , rewarding for the teacher -who 
wishes to del^e further into any of the topics. « 
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BRADEN AND PERLIS. 'An Introductory Course > in Computer Programming ^ 'This is 

* Monograph No. 7 of the Discrete "Systems Concepts Projects funded by 'the 
National Science Foundation ^nd written ^t the Carnegie Institute of 
Technology, Pittsi)urgh, Penna*. These ^course notes, not commercially dis- 
tributed, are for an introductory course primarily involved with ALGOL. 
They are veil writiten and contain maity fine' exercises as well as an en- 

. ^ lightening exposition of data structures.^ • . « 

C0I2^ AND 'SMALLV^bOD. Computer Language An Au.to - instructional Introduction 
to FORTRAN. New York: McC^aw-Hill, 19^7 An introductory manual (in a 
rather unusual format) to a sub'&et of the language FORTRAN. 

DARNOWSKI, V< S. Computers -^ Theory and Uses (teaching unit and teachers\ 

'guide). Washington, D. "571 National Science Teachers Association, 196^^^. 
Limited editions--revised edition to be offered fox sale at a ^l^ter-'date • 

- DIJKSTRA, E.. W. A Primer of ALGOL 60 Programming . New, York: Academic Press, 
19t2. A brief, well -written readable presentation of .ALGOL 60 to readers 
alread^^ familiar with some compiler language. Special features of ^ the 
implementation of the language for the\ Mathematical Centre, Amsterdam, are 
presented. ^ - • 1 

DODES, i; A. 1620 Programming ' i'or Science and Mathematics. New Yqrk: ^ 

Kayden Book Co., Iy6^ . Of interest" primarily to those who have access to 
a 1620 computer, this is a ^^^xt in 1626 programming^ for good 12th grade 
students. It is not\ an introduction to the overall field of computing, . 
Lut treats^ numerical *analy sis, una chine language ajad symbc/lTc , programming) 
and--briefly--FORTRAN. /. ^" • » 

ENGLKB/\RTy D. C. Oames tjiat teach the fundamentals of computer .operation , IRE 
Transactions , Vol. E.C.-IO, No. 1, March I96O. This paper instructs a* 
'teac>iaer in the a\ilejv for 'playing a game using*Mp to 20 students for sim- 
— ulating variaus kinds of simple computer elements* Each 'individual ^ 

^watches the up- down hand positiori.of one or tvo others and adjusts his 
hand p^ition to a response task w^iich is equivalent to an AND, 0^^ NOT, 
. or flip-flop. Counters, shift ^registers, and adders may te organized ^in 
this way. 

/ ' • . ^ ^ . , 

FEIGENBAUM AND FELDMAN; Computers and Thought . .New York: McGraw-Hill, 1963- , 
A fine collection ®f twenty research reports on Artificial Intelligence 
(programming computers, to' perform ^intellectual tasks such as gaqie-playitig, 
theo2*em-provin^ etc., in the same way that persons 'might perfo;n^--i^^lxese^,^ 
tasks) and Simulation of Cognitive Processes ( const ructipn, of computer ^ 
models to aid in understanding' the information processes underlying , 
huanan behavi'or)*. 

FOX, L. Introductioil to Numerical Lin^a.r Algebra Oxford: Oxford University 
Press, 196k. A"sQUnd, readable accx)unt, mofetlysat the level of inter- - ^ 

* mediate"* algebra, of the numerical methods used in tHe solution of linear* 
equations, matrix inversion, and, the 'eigenvalue problem.. 

i FROESE, C. Introduction to Progrs^miing the IBM 1620 . Reading, Mass.: Addlson- 
Wesley, I96U. O'f interest only for tl^ose^ who have adcess to an -IBM I62O 
computer. ^Snphasis on operation, feeding informatfon into the machine, 
machine language and s^Tubolic programming/* * . * ' 
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GALIiSR, ^B. A. The Language of Computers . New XorK: Mc-Graw-Hill, 1^62. An 
excellent introduction to the structure and use of a mapnine-independent ' 
algorithmic, language (a simrlified version of MAD) The' language is in.- 
troduced gradua^jly, employing examples together with solutions given both * 
by flow-chart and MAD.progr^. A complete answer book xe available on 
^ yequfst from the publisher. . ^ * ^ 

GERMAIN, C. B. Programming the im Io20 . Englevood Cliffs, N. J^: Prentice- 
H^ll,'1962. A text for a. first course in programming with emphasis upon 
^ ^ the operation pf the *l620 (assumed to be available) and the use of machine 
^ ' language and synbolid coding. \ • 
' i • . ' * 

, pOLDEN, J. T. FQRmAJ^ IV^ prdgrammigg and Computing . Englewood'clif f s, N. j/: ' 
Prentice-HaU,*';965^ A development of the TORTRAN IV language. - Ir differs 
from some 'of ''th^. others ^in its heavier use of mathematical examples. The 
. matirematiGs is ^t tht eaVly college level, ajid should give teacher^ some 
* \ ideas for examples smd exercises. 

GREEN, B. F/^Jr. Digital Comj^uters in Research. New York: McGrav-JJill, I703. 
This^^book is of interest principally fot* the aiTplications in Part III. 
Many of these pr^^blems in the behavioral sci*fences are. treated rather ' 
lightly ^and can be profitably read 'witjiout attention to Parts I and II. 

'GREIsNBERGER, tA. (editor) Management and the* Computer of the Future . Cambridge, 
',Mass..: -M.i.t. Prfess, 1962'. In spite of its misleading titUe, thip col- 
lection of eight -^lectures (wflh accompanying UL^cussion) contains much, 
• background^ material' of -s'pecial interest to high school teac^il^rs and stu- " 

dents'. (Not a textbook.) 

** 

: • * \ 

GRUENBERGBR AND MC CRACKEN.- Introducxion to Electronic Computers . New York: 
John Wiley, I963. ,^A good -IBM 1620 mach^iace-language programming text 
^itable for 12fh graSe- students having access to a 162O computer. A 
very good presentation of basi-c and important (but highly' jjiaci^ihe-oriented) 
irjaterial. 

f ' ' ' » • ^ « 

HARRIS, L. D.^ FORTRAN ' II and IV Programming . Columbus,. Ohio: Charles^E.. * 
Merrill, '196^+. - This book contains a brief intro4uction to FORTRAN*.* 
Emphasis is on a simple subset of FORTRAN. Tliis material is reprinted 
in the. same author's text,' Numerical Methods Us'ing FORTRAN '. 

HARRIS, L. D. Numerical Methods Using FORTRAN . Columbi+s, Ohio: Cliarles E. 
-< Merrill^ I96U. This book attempts a marriage of programming and numerical 
.methods for the engineer or scientist. Although the presentation of 
FORTRAN is quite readable, the book is primarily of interest for the 
^ problems in Chapters '8 and 9* . ' , * ■ ^. 

HARVIlL, J. B. Basic FORITRAN Programming . EnglewOod Cliffs, N. "J.: Prentice- 
^Hall, 1966. An interesting -introduction to a small version ^f FORTRAN 
' (essenti-ally FORTRAN II without format details)! Written in an elementary 
^ stymie and emphasizing the^usefulness pf flow diagrams throughout, this 
]DOoli should be attractive ta students. ^ The ab^or introdi^ces an inter- 
esting^^chnique for watching- t^he changes of pertinent, storage areas over 
' • tim^, cHled the Memory Chart. 

HULL, T. E. ' Introduction to Computing . ^)ngleyood Clif^fs, N. J.: * Prentice- 

"Hall, IS^ET! A readable introduction to compdting* via FORTRAN IV, with 
several non-numerical examples in the 'later chapters* The bibliography 
in Appendix A is very good. . . « 

ERIC . ^ ^ , . _ 



.JOHI^TON, PRKE AND V/(n VLECK. An . Introduction^ to Mathematics , Vol. 1, Parts 

X and 2. Lawrence, Kansas; Department of i4athematics, The University of . 
Kansas, ^963.. This book is part of a mathematics text- for the University 
freshmarr. Only pages i;6-152 are of interest to this study 'guide. In 
"that s^e@iient of tfie book the basic concepts of flow charting and program-^.^ 
ming an algorithm (in an informal langud^e^ similar to ALGOL) are presented 
in the context of solving systems of linear equations: 2X2, ^ x 5, and 
m X n. This section is recommended as an example of a quite .detailed algo- 
, rithmic solution of a probl^,^ not as a text. 

KOVACH, L. Ctomputer - Oriented Mathematics .' San Francis co«: Hold^n-Day, 196k* 
A small book, easy to^read. It is concerned with such computer-oriented 
^.J "l^opics as approximat^ions, itei^ation, Monte .Carlo methods, jetc. There is 
no computer progratnming here, just thfe mathematics. ^ ^ w 

• - ' ■* • 

LARSSOK, Rt D. Equalities and Approximati6ns ; ^th FORTRAN Programming . 

New York: John Wiley arTd Sons, Inc., The teacher who knows FORTRAN 

can find in this book a few pirobl^ms in mathefmatics programmed in FORTRAN 
[ . (basic fdii^natless FORTRAN for the ''IBM XS2P) .\ . , ' * 

LEESON AND DIMITRY. Basic Programming Concepts and the tM 162O Computer . 
New York: Holt Rinehart and Winston, 19^ . 5his 'text is a complete 
treatment of programming thfe 1620 vL'th detailed emphasis on^machipe 
language and symbolic coding. A brief Jprobabdy too trief for use by a j 
^-beginner) but accurate presentation of ifeO FORTRAN I is given. 

MC' CORMICK, ^'e. M. Digital Comput^L- Primer. . New Yor1« McGraw-Hill^ Book' Co., 
1959 V The person already comp^tisnt in the area of programming and. ^o 
wishes to delve in»to how computers- work internally and how they are 
designed ^c an find in tkis book a brief -treatment 'of arithmetic and logical 
units^ input-output devices and related topics.* . ' ^ - • 

MC CRACKEN, p.jD. A Ciuide to AliGOL Programming . New' York; John Wiley and" ' 
Sons, Inc., 19^2. This is a welJ^^orgarS^ed introduction to the language 
ALGOL, including nine-case-study example s^ eachy carrying a problem from ^ 
the original statement through the completed AL^OL program. 

MC CRACKEN/ D. D. a Guide tp FORTRAN Prograjpming . New York: John Wiley, 1961. 
A brief (38 pages) introduction to FORTRAN programming for the pe'Tson -vho • 
wants to get a rapid grasp of the language . * . ^ ^ 



MC CRACKEN AND DORN. Numerical Methodte and FORTRAN Prpgra^ng . New York: 
p ^John Wiley, ^ 136 i^-. A very readable book providi-ng -an adequate description 
/ ' of FORTRAN and a good intf'oduction to a well-select^"d~^€ of topics in 
numerical analysis • Aimed at under-graduatfes in science and engineering, 
many parts of the book are likely to be*too advanced to suit the needs of 
the high school teacher. However, the teacher with adequate mathematical 
background will find much of the materi-al^seful i^or his own enrichment 
even though most of it will be beyond ti^ 3f^ach-of"Ms students 

NATIONAL COUNCIL OF TEACHERS OF MATHEMATICS. Computer Oriented Mathematics , 
An Introduction for Teachers . Washington,- D. C/; N.C.p.M., ^1963. This 
book has an excellent plan as ah introduction for tejac/hers.^ Its purpose^ 
is not to teach, the idea of a Computer as an jsnd in Sbxself, but rather to 
motivate the study of mathematics ♦by drawing u^on the appeal and power of 
computers. In-order to attain thi^s ^oal, 'cert^n problems Df mathematics * 
are selected which cai;; be solved' app7*opriately^on a computer. Empliasis is 
placed on tiie grgani^ati'on of solutions irfto logical step^by-step processes 
the use of flow-charts,' &nd on the repetitive capabilities of computers. 



ORGANICK, E. I. -^A FORI^M Primer . Reading, Mass.: Addison-Wesley, I963. 

This is lone of the most complete and well-organized FORTRAN texts avails 
able. It uses a comprehensive set of examples ^and^ drill exercises 
independent of any discipline. I-ts: completeness and thoroughness in 
treating th^ differences between FORTRAN processors on various machines 
make this, bo^k more suitable 'for a course taught 'by a teacher with 
previous knowledge of FORTRAN than for, self- study. ' 

ORGANICK, E. I. A MAD Primer • Ann Arbor, Mich.; Ulrich's Book Store, 'I96I;. 
This book does for the MAD language precisely "what the author's A FORTEIAN . 
Primer does for FORTRAN. 

* * • 

SHERMAN, P, M. Prograjmning and Coding for ' Digital Computers . New York: John 
Wiley, 1962. An excellent comprehensive source book of information on 
basic computer concepts and on computer' programming, includfng numerical 
scientific applications, busline ss data processing, and non- numerical 
applications. Probably more useful to the high school teacher as a 
reference Work than as a'text. \ 

SMITK, 'R.. E. Computer Progrpmmittg Concepts . VolV^l (Reference material), 

•vol. 2 (Problem exercises) . ^Minneapolis, Minn.; Control Data Corp., I963. 
An excellent introduction to the basic concepts of computers ^at -a. level ' . 
easily understood by high school students. * Qnphasis is on ?bRTRAN as used 
with the Control Data I6O-A Computer. Well-selected examples with a lib- 
*eral sprinkling of humor,. * , 

'SMITH AND J0HNSO5|. FORTRAN . Autote ster . New York; John Wiley, 1961, An excel- 
^ ^•^ent' intilpdfcti©n to FORTRAN, particularly if a computer i^not -available . 
for program' check-out during the course of study. ".Minimal use of flow- ^ 
chart's. Exceptionally well-suited to a brier self -ins tru'ctional initia- 
tion to the FORTRAN^ language . 

SPROWLS, R.. C. Computers — A Programming Problem Approach . New York: \Harper ' 
and Row, 19"^TZX^od treatment ^of several languages, such as FORTRAN, 
COBOL, and PL/I, Many examples, with emphas3^*on flow diagrams. The 
accompanying i'h^ructor*s mar^feial contains a great deal of teaching phil-'- 
osophy and insight into the author's teaching methods. This booic^^tpl be 
useful primarily for the teacher. 

TRAKHTEKBROT, 3/ A. Algorithms and Automatic ^ Computing Machines . (Translated 
from.th^ Russian edit^n--195o) . ' Boston: D. C. Health and Co., I963. ^ . 
, This 'book is ^obncerned' with the theory of algorithms. Pt requires no 
^ specific information^rom other branches of mathematics beyond inter- 
mediate algebra. The sutj^ct matter is deej) and the treatment is rigor- 
ous, requiring the reader to follow a jrather complect train of logical 
thought, but the author has done an excellent job of making the ideas as* 
accessible possible. The baffle ideas .are* introduced very carefully, 
and gradually, and they are' very well motivated.^jJBecommended for the' 
^ teacher who would like to follow up some of theological and philosophical , 
implications of computing. 

VON NEUMANN^ J. Tliye Computer and the Brain. New Haven: Yale University Press,-: 
1958. .This excellent book, although not intended as a textbook, is rec- 

^ ommended to the teacher as an historically oriented account of the organ- 
ization of computing machine^. The second part of the book discusses ^ 
analogous properties of ' the human nervous system, . 



■ ERJC .. . ,. . 



